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Abstract

In this paper, we present some new explicit identities of matrix powers of matrix and their proofs. For instance, A*P =
AC + AP and (AB)T = A" for some matrices 4, B and C.
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1. Introduction

The exponential of matrix A is defined via its Taylor series, e4 = I + Y15, %A” [1], and the matrix logarithmic is defined

—_1\yn—1
by log (4) = anl( 131 (A — D™ ,where ||A —I|| < 1[2]. The principal matrix power A* for a matrix A € C"*" and a

real number a € R is defined by A% = exp(alog(4)) [3]. The matrix power of A to B is defined by A% =
exp(Blog(A)) [4]. In this paper, first present the properties of matrix exponential, and matrix logarithm. Finally, prove
the explicit identities of matrix powers of matrix.

1.1. Properties of matrix exponential for more detail in [5]

Let 4, B € M, (k).

(1) exp(Onxn) = Lnxn-

(ii) Bexp(A4) = exp(A)B, if AB = BA.

(iii) exp(A + B) = exp(A) + exp(B), if AB = BA.
(iv) exp(A™1) = (exp(A)~*

(v) exp(4A”") = (exp(4))”

(vi) exp(4) = Uexp(D)U~1, where A = UDU™L.

1.2. Properties of matrix logarithm [6]

Let A, B € Ny, qo(I, 1), where Ny,_qo (I, 1) = {4 € M, (K)|l1A — 11| < 1}.

(i) log(AB) =log(A) + log(B), if AB = BA.

(ii) Blog(A) =log(A)B,if AB = BAand ||B|| < 1.
(iii) log(4™1) = —log(A).

(iv) log(4) = Ulog(D)U™1, where A = UDU™L.
(v) log(A™) = (log(A)".
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Results (i), (iii), (iv) and (v) are well known [6]. Proof of the result (ii) is given below.
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Proof of (ii): Suppose BC = CB and ||B|| < 1. Since ||B|| < 1, Blog(4) = anlB( 17)1

_q1\n—1
induction B(A — )" = (A — I)"B. Hence, (,s; “— (A - I)") B =1log(A)B.m

(A— D™, and by mathematical

1.3. The functions exp and log satisfy the following two properties [2]

(i) If||A—1I]| < 1,thenexp(log(A)) =A and;
(ii) If |lexp B —I|| < 1, then log (exp(B)) = B.

1.4. Explicit identites of matrix power matrix

Letd € NMn(k)(I, 1) and B, C € GL,,(k), where k = R, the real numbers, or k = C, the
complex numbers.
1 Almxn = Inxn-
(ii) AB+¢ = ABAC,if BC = CB,BA = AB and ||B|| < 1.
(i) AT = (4D
(iv) ABT = (ABYTif A is symmetric, BC = CB and ||B|| < 1..
(v) AB =UDBU~,whereD = UAU™!.
Proof of (i):
Al = exp(0,xn log(A))
= exp(onxn)
=Lxn.- W
Proof of (ii):
Suppose BC = CB and ||B|| < 1.
AB*C = exp((B + C)log(A)).

= exp(B log(4) + Clog(4)).

= exp(B log(A)) .exp(Clog(A)). ( by 1. (ii) and 2. (ii) )

=ABAC. m
Proof of (iii):
A" = exp((=1) log(4)).
= exp(I(—log(4))).
= exp(I log(A™1)). (by 2. (iii))
=AY).m
Proof of (iv):

Suppose A is symmetric, BC = CB and ||B]| < 1.
ABT = exp(BT log(4)).
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— exp(BT log(4T)).

= exp(B” (log(A))"). (by 2. (v))
= exp(((log(4))B)").

= exp((B(log(A))"). (by 2. (ii))
= (exp(B log(A))". (by 1. (v))

=(A5)T. m

Proof of (v):

Suppose BU = UB.
AP = exp(Blog(A)).

= exp(Blog(UDU™Y)).

= exp(B(Ulog(D)U™Y)).

= exp(U(Blog(D))U™Y).

= exp(U(D)U~1), where D = Blog(D).
= U(exp(D) )U~" where D = Blog(D).
= U(exp( Blog(D))U™.

=UDBU . m

2. Conclusion

In this work, we show that some matices rules and indeces rules are hold for the matrix powers of matrix.
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