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Abstract 

This paper presents a novel and in-depth mathematical approach to analyzing the inefficiencies and shortcomings of 
customer service in an international company based in China. By employing advanced mathematical concepts such as 
set theory, graph theory, probability theory, and stochastic processes, we develop a comprehensive and multi-faceted 
model that captures the various aspects of customer service, including unfairness, bureaucracy, failure to perform 
duties, irresponsibility, untruthfulness, and untrustworthiness. Our findings suggest that these issues are deeply rooted 
in the company's organizational structure and culture, and we propose potential solutions to address these problems. 
We also introduce new mathematical techniques, such as the use of hypergraphs and multi-objective optimization, to 
provide a more nuanced understanding of the complex dynamics at play within the customer service department. 

Keywords: Mathematical Modeling; Organizational Structure; Organizational Culture; Set Theory; Graph Theory; 
Probability Theory 

1. Introduction

Customer service is a vital component of any successful international company (see, for example, [1]) and [14]. It serves 
as the primary point of contact between the company and its customers, playing a crucial role in building and 
maintaining strong relationships (see, for example, [4], [6] and [13]). Excellent customer service can lead to increased 
customer satisfaction, loyalty, and positive word-of-mouth recommendations (see, for example, [9] and [11]). 
Conversely, poor customer service can result in dissatisfied customers, damaged reputation, and ultimately, a decline 
in the company's performance (see, for example, [7] and [8]). (Date: December 25, 2023) . 

1.1. Mathematical modeling on customer service 

Unfortunately, when the quality of customer service is compromised by various issues, it can create significant problems 
for both the company and its customers(see, for example, [12], [10] and [5]). Some of the most common issues that can 
negatively impact customer service include unfairness in the treatment of customers, excessive bureaucracy that 
hinders efficient problem-solving, failure of employees to perform their duties effectively, irresponsibility in addressing 
customer concerns, untruthfulness in communication, and overall untrustworthiness in the customer service 
department (see, for example, [3] and [2]). 

We begin by introducing the fundamental concepts and definitions that will be used throughout the paper, including set 
theory, graph theory, and probability theory. We then proceed to develop a series of increasingly complex mathematical 
models that capture the various aspects of customer service inefficiencies, starting with a basic model based on binary 
satisfaction levels and progressing to more advanced models that incorporate stochastic processes and multi-objective 
optimization. 
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Our analysis reveals significant structural and cultural problems within the customer service department, which 
contribute to the poor quality of service experienced by customers. We propose a range of solutions, both mathematical 
and organizational, to address these issues and improve the overall efficiency and effectiveness of the department. 

2. Mathematical Preliminaries 

In this section, we introduce the fundamental mathematical concepts and definitions that will be used throughout the 
paper. 

 Set Theory. Let 𝐶 be the set of all customers, 𝑆 be the set of all customer service staff, and 𝐼 be the set of all 
customer service interactions. 

We define several important subsets of these sets, such as: 

o 𝑆𝑚 ⊆ 𝑆 : The set of managers in the customer service department. 
o 𝐼𝑢 ⊆ 𝐼 : The set of unsatisfactory customer service interactions. 

 Graph Theory. Let 𝐺 = (𝑆, 𝐸)  be a directed graph representing the hierarchical structure of the customer 
service department, where 𝑆 is the set of vertices 

2.1. Mathematical modeling on customer service 3 

(staff members) and 𝐸 is the set of edges representing the reporting relationships between staff members. 

We also introduce the concept of a weighted graph, where each edge 𝑒 ∈ 𝐸 is assigned a weight 𝑤(𝑒) representing the 
level of bureaucracy and inefficiency in the communication between the corresponding staff members. 

 Probability Theory. Let (Ω, ℱ, 𝑃) be a probability space, where Ω is the sample space, ℱ is a 𝜎-algebra of events, 
and 𝑃 is a probability measure. 

We define a random variable 𝑋: Ω → ℝ that represents the satisfaction level of a customer service interaction, with 
higher values indicating greater satisfaction. 

3. BASIC Model 

In this section, we develop a basic mathematical model of customer service inefficiencies based on binary satisfaction 
levels. 

3.1. Binary Satisfaction Function. We define a function 𝒇: 𝑰 → {𝟎, 𝟏} that maps each interaction to a binary 
value, where 0 represents an unsatisfactory interaction and 1 represents a satisfactory interaction. 

The proportion of unsatisfactory interactions can be calculated as: 

|𝐼𝑢|

|𝐼|
=

∑  𝑖∈𝐼   (1 − 𝑓(𝑖))

|𝐼|
 

Proof. The proof follows from the definition of the binary satisfaction function and the cardinality of the sets 𝐼 and 𝐼𝑢 . 

3.2. Bureaucracy and Inefficiency. We assign weights to the edges of the graph 𝑮 based on the level of 
bureaucracy and inefficiency in the communication between staff members. 

The overall inefficiency of the customer service department can be quantified by the average shortest path length 
between any two staff members in the graph G. 

3.3. Mathematical modeling on customer service 4 

Proof. The proof follows from the definition of average shortest path length and the assumption that longer 
communication chains lead to greater inefficiencies. 

3.4. Expected Satisfaction. We introduce a probability distribution 𝑷 on the set of interactions 𝑰, where 𝑷(𝒊) 
represents the probability of interaction 𝒊 being satisfactory 
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The expected value of the function 𝑓 over the set of interactions 𝐼 with respect to the probability distribution 𝑃 is a 
measure of the overall customer satisfaction: 

𝐸[𝑓] = ∑  

𝑖∈𝐼

𝑓(𝑖)𝑃(𝑖) 

Proof. The proof follows from the definition of expected value and the interpretation of 𝑓 as a measure of satisfaction. 

4. Advanced Models 

In this section, we extend our basic model to incorporate more advanced mathematical concepts and techniques, 
providing a deeper understanding of the complex dynamics within the customer service department. 

4.1. Stochastic Processes. We model the evolution of customer satisfaction over time using a stochastic 
process {𝑿𝒕}𝒕≥𝟎, where 𝑿𝒕 represents the satisfaction level at time 𝒕. 

A stochastic process {𝑋𝑡}𝑡≥0 is said to be a Markov process if, for any 𝑡1 < 𝑡2 < … < 𝑡𝑛 < 𝑡 : 

𝑃(𝑋𝑡 ≤ 𝑥 ∣ 𝑋𝑡𝑛
, 𝑋𝑡𝑛−1

, … , 𝑋𝑡1
) = 𝑃(𝑋𝑡 ≤ 𝑥 ∣ 𝑋𝑡𝑛

) 

We analyze the long-term behavior of the customer satisfaction process using techniques from the theory of Markov 
processes, such as stationary distributions and ergodicity. 

4.2. Mathematical modeling on customer service 5 

4.2.1. Hypergraphs. To capture the complex interactions between customers, staff members, and other factors influencing 
customer service quality, we introduce the concept of hypergraphs. 

A hypergraph 𝐻 = (𝑉, 𝐸) is a generalization of a graph, where each edge 𝑒 ∈ 𝐸 can connect any number of vertices in 𝑉. 

We use hypergraphs to model the various factors contributing to customer service inefficiencies, such as 
miscommunication, lack of resources, and conflicting priorities. 

5. Multi-Objective Optimization for Customer Service Quality 

To find optimal solutions for improving customer service quality, we formulate a multi-objective optimization problem 
that takes into account the various conflicting objectives, such as minimizing costs, maximizing satisfaction, and 
ensuring fairness. 

A multi-objective optimization problem can be formulated as: 

min_𝑥 ∈ 𝑋(𝑓_1(𝑥), 𝑓_2(𝑥), … , 𝑓_𝑘(𝑥)) 

subject to: 

𝑔_𝑖(𝑥) ≤ 0, 𝑖 = 1,2, … , 𝑚 

ℎ_𝑗(𝑥) = 0, 𝑗 = 1,2, … , 𝑝 

To address the multi-objective optimization problem for improving customer service quality, we must first define the 
various conflicting objectives and constraints involved. Let us consider the following objectives: 

(1) Cost Minimization: We aim to minimize the overall costs associated with providing customer service, including 
staffing costs, training costs, infrastructure costs, and operational costs. This objective can be represented as: 

𝑓1(𝑥) = ∑  

𝑛

𝑖=1

𝑐𝑖𝑥𝑖  
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where 𝑥𝑖  represents the decision variables related to resource allocation (e.g., number of customer service 
representatives, training programs, technological investments), and 𝑐𝑖  represents the corresponding costs. 

5.1. Mathematical modeling on customer service 6 

(2) Customer Satisfaction Maximization: We strive to maximize customer satisfaction by ensuring prompt and effective 
resolution of customer inquiries and complaints. This objective can be quantified using customer satisfaction metrics, 
such as the Net Promoter Score (NPS) or the Customer Satisfaction (CSAT) score, which can be modeled as a function of 
the decision variables: 

𝑓2(𝑥) = 𝑔(𝑥) 

where 𝑔(𝑥) represents the customer satisfaction metric, which may depend on factors like response time, first-contact 
resolution rate, and overall service quality. 

(3) Fairness Assurance: To ensure equitable treatment of customers, we may introduce an objective that minimizes the 
disparity in service quality across different customer segments or geographical regions. This objective can be 
formulated as: 

𝑓3(𝑥) = ∑  

𝑚

𝑗=1

|𝑞𝑗(𝑥) − 𝑞‾| 

where 𝑞𝑗(𝑥) represents the service quality metric for customer segment or region 𝑗, and 𝑞‾  represents the desired target 

service quality level. 

In addition to these objectives, we may have constraints related to resource availability, regulatory requirements, and 
operational limitations. For example: 

𝑔1(𝑥) = ∑  

𝑛

𝑖=1

𝑥𝑖 ≤ 𝐵 

where 𝐵 represents the available budget for customer service operations. 

𝑔2(𝑥) = 𝑟(𝑥) ≥ 𝑅min  

where 𝑟(𝑥)  represents the overall customer service responsiveness, and 𝑅min  is the minimum acceptable 
responsiveness level mandated by regulations or servicelevel agreements. 

With these objectives and constraints defined, the multi-objective optimization problem can be formulated as: 

min
𝑥∈𝑋

 (𝑓1(𝑥), 𝑓2(𝑥), 𝑓3(𝑥)) 

subject to: 

𝑔1(𝑥) ≤ 0

𝑔2(𝑥) ≤ 0
⋯

ℎ𝑗(𝑥) = 0, 𝑗 = 1,2, … , 𝑝

 

where 𝑋 represents the feasible region defined by the decision variable bounds and additional constraints ℎ𝑗(𝑥). 

5.1.1. Solution Approaches. To solve the multi-objective optimization problem for customer service quality, various 
techniques can be employed, including 

 Scalarization Methods: These methods combine multiple objectives into a single scalar objective function using 
techniques such as weighted sum, 𝜖 -constraint, or goal programming. The resulting single-objective 
optimization problem can be solved using traditional optimization algorithms. 
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 Population-based Metaheuristics: Evolutionary algorithms like the Non-dominated Sorting Genetic Algorithm 
(NSGA-II), Strength Pareto Evolutionary Algorithm (SPEA2), and Multi-Objective Particle Swarm Optimization 
(MOPSO) can be used to find a set of Pareto-optimal solutions that represent the trade-offs between the 
conflicting objectives. 

 Decomposition-based Approaches: These methods decompose the multi-objective problem into a series of 
scalar subproblems, which are solved simultaneously or iteratively. Examples include the Normal Boundary 
Intersection (NBI) and the Normalized Normal Constraint (NNC) methods. 

5.2. Mathematical modeling on customer service 8 

(4) Hybrid and Parallel Approaches: Combining different solution techniques or leveraging parallel computing 
resources can enhance the efficiency and effectiveness of the optimization process, especially for largescale or complex 
problems. 

The choice of the appropriate solution approach depends on the specific problem characteristics, such as the number 
of objectives, the complexity of the objective functions and constraints, and the desired trade-off between solution 
quality and computational efficiency. 

5.2.1. Decision Support and Visualization. In addition to finding optimal so- 

 lutions, decision support tools and visualization techniques can aid in the analysis and interpretation of the multi-
objective optimization results. These include: 

 Pareto Front Visualization: The Pareto front, which represents the set of non-dominated solutions, can be 
visualized using scatter plots or parallel coordinate plots, providing insights into the trade-offs between 
conflicting objectives. 

 Decision-Maker Preferences: Interactive techniques, such as the reference point method or the light beam 
search, can be used to incorporate decision-maker preferences and guide the search towards desirable regions 
of the Pareto front. 

 Sensitivity Analysis: Analyzing the sensitivity of the optimal solutions to changes in problem parameters, 
objective weights, or constraints can provide valuable insights into the robustness and stability of the solutions. 

 What-if Analysis: Simulating different scenarios or hypothetical situations can help stakeholders understand 
the potential impacts of various decisions and strategies on customer service quality and other key 
performance indicators. 

By integrating multi-objective optimization techniques with decision support tools and visualization methods, 
organizations can gain a comprehensive understanding of the trade-offs involved in improving customer service quality 
and make informed decisions that balance conflicting objectives effectively. 

5.3. Mathematical modeling on customer service 9 

5.3. Topological Data Analysis. To uncover hidden patterns and structures in the complex customer service data, we 
employ techniques from topological data analysis (TDA). TDA provides a robust framework for analyzing high-
dimensional, noisy data by extracting topological features. 

Given a set of points 𝑋  in a metric space and a parameter 𝜖 > 0, the VietorisRips complex 𝑉𝑅(𝑋, 𝜖) is the abstract 
simplicial complex whose k-simplices correspond to unordered (k + 1)-tuples of points in 𝑋 with pairwise distances at 
most 𝜖. 

We apply persistent homology to the Vietoris-Rips complexes constructed from customer service data to identify 
significant topological features that persist across multiple scales. 

5.4. Reinforcement Learning. To develop adaptive strategies for improving customer service, we formulate the problem 
as a reinforcement learning task. The customer service department is modeled as an agent interacting with an 
environment, receiving rewards based on the quality of service provided. 

We define the Markov Decision Process (MDP) as follows: 

 States: 𝑆 = {𝑠1, 𝑠2, … , 𝑠𝑛} representing different customer service scenarios 
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 Actions: 𝐴 = {𝑎1, 𝑎2, … , 𝑎𝑚} representing possible actions taken by the customer service staff 
 Transition probabilities: 𝑃(𝑠′ ∣ 𝑠, 𝑎) denoting the probability of transitioning from state 𝑠 to 𝑠′ under action 𝑎 
 Rewards: 𝑅(𝑠, 𝑎) representing the immediate reward received for taking action 𝑎 in state 𝑠 

The goal is to find an optimal policy 𝜋∗: 𝑆 → 𝐴 that maximizes the expected cumulative discounted reward: 

𝜋∗ = arg max
𝜋

 𝔼 [∑  

∞

𝑡=0

  𝛾𝑡𝑅(𝑠𝑡 , 𝜋(𝑠𝑡))] … … … … … … . (5.1)  

where 𝛾 ∈ [0,1] is the discount factor. 

5.4. Game Theory. To model the strategic interactions between customers and the service department, we 
employ concepts from game theory. We formulate a non-cooperative game 𝑮 = (𝑵, (𝑺𝒊)𝒊∈𝑵, (𝒖𝒊)𝒊∈𝑵), where: 

 𝑁 = {1,2, … , 𝑛} is the set of players (customers and service staff) 
 𝑆𝑖  is the set of strategies available to player 𝑖 
 𝑢𝑖: 𝑆1 × 𝑆2 × … × 𝑆𝑛 → ℝ is the utility function of player 𝑖 

We analyze the Nash equilibria of the game to identify stable strategies and potential areas for improvement in the 
customer service process. 

A strategy profile (𝑠1
∗, 𝑠2

∗, … , 𝑠𝑛
∗) ∈ 𝑆1 × 𝑆2 × … × 𝑆𝑛 is a Nash equilibrium if, for all 𝑖 ∈ 𝑁 : 

𝑢𝑖(𝑠1
∗, … , 𝑠𝑖

∗, … , 𝑠𝑛
∗) ≥ 𝑢𝑖(𝑠1

∗, … , 𝑠𝑖 , … , 𝑠𝑛
∗) ∀𝑠𝑖 ∈ 𝑆𝑖 … … … (5.2)  

By incorporating these advanced mathematical concepts and techniques, we aim to provide a more comprehensive and 
insightful analysis of the customer service department's dynamics and challenges. 

6. Conclusion 

This study has revealed the systemic nature of customer service inefficiencies within the examined international 
company. Our mathematical modeling identified deep-rooted issues within the organization's structure and culture, 
including unfairness, bureaucratic hurdles, and a lack of accountability.  By applying set theory, graph theory, 
probability theory, stochastic processes, hypergraphs, and multi-objective optimization, we offer both new insights and 
specific recommendations to address these problems. This work has the potential to significantly enhance customer 
experiences, not only within this company but as a model for other organizations facing similar challenges. Further 
research should focus on implementing the proposed solutions and extending this mathematical framework to analyze 
customer service across various industries  and international contexts. 
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