® —

WIAE

World Journal of Advanced Engineering Technology and Sciences W,
eISSN: 2582-8266 E;dan”g
Cross Ref DOI: 10.30574/wjaets s s
WJAETS Journal homepage: https://wjaets.com/
(REVIEW ARTICLE) W) Check for updates

Geometry: An innate ability that nevertheless makes it difficult for students
worldwide

Viktoriya Galitskaya * and Alexandros-Stamatios Antoniou

Department of Pedagogy and Primary Education, National and Kapodistrian University of Athens, Athens, Greece.
World Journal of Advanced Engineering Technology and Sciences, 2024, 13(01), 757-768

Publication history: Received on 29 August 2024; revised on 08 October 2024; accepted on 10 October 2024

Article DOI: https://doi.org/10.30574 /wjaets.2024.13.1.0483

Abstract

The importance of geometry has been highlighted since antiquity. Studies show that we have geometric knowledge from
infancy age. Some geometric skills are innate and are not taught in school. However, cultivating them can be achieved
in many ways at a very young age and has positive academic results in the future. Unfortunately, nowadays students do
not show the necessary interest in the subject and as a result they have not developed their geometric thinking and
encounter difficulties both in everyday life and at school.
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1. Introduction

The roots of geometry go back many centuries. According to historians, the Egyptians first discovered geometry in an
attempt to measure the area of their fields, which the Nile flooded every year. That is where Geometry, "Earth" and
"measurement”, got its name. In addition to the ancient Egyptians, the Babylonians, the Chinese, and the Indians studied
and applied Geometry. All of these people may have applied Geometry, but they were empirical they did not follow any
rules and did not try to give logical proofs, the goal was to solve problems. The revolution was brought about by the
Greek mathematicians, who tried to fill these gaps. It was Thales of Miletus who passed on this knowledge to Greece
after his journey to Egypt and Mesopotamia. During his stay in Egypt, he managed to measure the actual height of the
pyramid of Giza, with the help of geometry, which was an unsolvable problem even for its builders. Many more Greeks
followed, such as Mamercus (or Mamertius), Pythagoras, Plato, Euclid, and Archimedes. But the father of Geometry can
be considered Euclid, who compiled all the Elements.

Experiments in infants, rats, monkeys, and even fish and insects provide evidence that basic knowledge of geometry is
innate (Cheng & Newcombe, 2005; De Cruz, 2009a; Vallortigara et al., 2009). There is research claiming that our
cognitive system pays particular attention to the spatial invariants it extracts from the environment; this is proto-
geometric knowledge. Featural properties of our environment change significantly over time, unlike geometric
properties, such as the distance between two trees (Ferreir6s & Garcia-Pérez, 2020a).

Another proof that some geometric concepts are innate in man is provided by Socrates, a Greek-born scientist. He poses
the following problem to a slave, Menon. He presents Menon with a square of side 2 feet and area 4 and asks him how
much the side of a square of area 8 feet will be. The slave gives the correct answer without having been taught geometry.

Dehaene and his colleagues (2006) conducted a study that confirms that some geometric concepts are innate in humans.
The study involved participants from an Amazonian tribe and North Americans. Participants were given two non-verbal
tests that included geometric concepts (e.g. parallelism, squares, triangles, symmetry, etc.) without using the terms, but
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rather examples from everyday life. One of the tests given presented six pictures of a geometric concept (e.g. parallelism)
of which five pictures were correct and the sixth picture was wrong, and the aim was to identify the picture that did not
match the others (Figure 1). Amazonian individuals scored exceptionally well on topology concepts (e.g.,
connectedness)), Euclidean geometry (e.g., lines, points, parallelism, and right angles), and geometric shapes (e.g.,
squares, triangles, and circles). The researchers concluded that uneducated adults and children from an isolated culture
have similar abilities in basic geometric concepts as children from Western culture. The researchers concluded that
knowledge possessed by all groups except educated American adults is common in core geometry (Dehaene et al,,
2006)The results of this research are in line with other studies, and validate that some aspects of geometry are "innate”
and do not depend on culture or teaching (Chiandetti & Vallortigara, 2008; De Cruz, 2009b; Ferreirés & Garcia-Pérez,
2020b; Pica et al., 2004; Rosch, 1975; E. Spelke et al., 2010; E. S. Spelke, 2011).
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Figure 1 The non-verbal tests to which the students were subjected
We can conclude that certain aspects of geometry are:

e primary (Rosch, 1975),
e have been developed from a very early age (Lourenco & Huttenlocher, 2008a; E. Spelke et al,, 2010); and
e notdependent on culture and teaching (Dehaene et al.,, 2006).

2. Understanding geometric concepts from infancy to adulthood

In the 1990s, a more systematic attempt was made to study infants' sensitivity to geometric relationships. These studies
revealed that newborn infants can distinguish differences between line segments of different lengths and between
angles of different apertures(Dillon et al., 2020; Slater et al.,, 1990, 1991; Tsuruhara et al., 2009). Sensitivity to length
and angle is strong throughout infancy and is observed even when objects change orientation or position. In contrast to
their ability to process length and angle, infants do not appear to recognize the directional property in a small-scale
two-dimensional figure (Izard et al., 2009; Lourenco & Huttenlocher, 2008b). At age six children can extract information
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about angles with an accuracy comparable to their understanding of distance and directional relations (Ferreir6s &
Garcia-Pérez, 2020b).

According to the Common Core State Standards (CCSS,2010), students should begin to gain experience in geometry in
kindergarten and move on to use more precise definitions and develop careful evidence throughout their primary and
secondary mathematics education. For example, toddlers are expected to identify and describe shapes (squares, circles,
triangles, rectangles, hexagons, cubes, cones, cylinders, and spheres) and by third grade, students should be able to
reason with the help of shapes and their characteristics (Zhang et al., 2012).

Biederman and Cooper (1991) showed that the processing of a shape is facilitated if it is preceded by a presentation of
the same shape or its symmetric, with a similar rate of facilitation in both cases. These findings suggest that adults
possess a basic shape recognition process, based on angle and length, that is impervious to discrimination of form.
However, they learn to overcome a limit to this process and identify the relationships of form to alphanumeric
characters when they learn to read (e.g., e to 3) (Biederman & Cooper, 1991).

Researchers have found that geometry is learned through associative or rapid adaptive learning processes, applied to
the spatially structured world projected to our senses. Consistent with these projections, animals learn to use arbitrary
landmarks as guides to environmental locations (Cheng & Newcombe, 2005), children's spatially guided behavior shows
regular increases in accuracy with growth and experience (Spencer & Hund, 2003), and adult navigation is
systematically altered by experience (E. Spelke et al., 2010).

Pure trials Interference trials
_angle anghe, length interference anghe, sense interference
length length, angle interlerence length, sense inlerlerence
\ . )
Sense sense. angle interference sense, length intederence

Figure 2 Activities submitted during the third experiment(Izard & Spelke, 2009)

In addition, activities such as Lego building have been found to be related to mathematical performance (Ahmadi, 2021;
Hussain et al., 2006; McDougal et al., 2023a, 2023b; Murti & Szucs, n.d.; Nath & Sziics, 2014a, 2014b; Rejeki et al., 1848;
Taylor, 1989; C. Wolfgang et al., 2003) as have the games that children play at an early age. The association between
construction games and mathematics performance in children was not significant at an early age, but this association
appeared to become significant at age 12 and above. This demonstrates that construction play in kindergarten may have
long-term effects on logical-mathematical knowledge (C. H. Wolfgang et al., 2001).

Izard and Spelke, in 2009, conducted three experiments that evaluated the development of sensitivity to different types

of geometric information in visual shapes, with a particular focus on length, angle, and time. The findings showed that
children up to 4 years of age analyzed shapes by detecting distance and angle relationships, but were unable to detect
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the relationships that distinguish an object from its symmetric. Patterns of visual shape analysis showed high
developmental invariance: properties that were less detectable by children. In general, sensitivity to all tested
properties improved with age. While, for all groups aged 12 to 17 years, performance did not differ from adults. When
presented with a carefully controlled set of shapes varying exclusively in length, angle or direction, children were found
to develop sensitivity to these properties at different rates, responding first to length, then to angle and last to direction.
Between the ages of 8 and 10, children develop a specific sensitivity to right angles, which they begin to regard as
distinct. Geometric ability thus appears to occur as an interaction between developmentally invariant, basic intuitions
and later acquired distinctions (Izard & Spelke, 2009).

Recent evidence suggests the distinction between intuitive geometry and academic geometry. Intuitive geometric
concepts (e.g. Euclidean geometry) are shared by people regardless of culture and formal education (Dehaene et al.,
2006; E. Spelke et al,, 2010). In contrast, academic geometry, operationally defined as the ability to answer formal
geometric questions and problems encountered in schools (Giofre et al.,, 2014)involves concepts that are primarily
learned through formal instruction. Academic geometry requires explicit knowledge of principles and concepts (e.g.,
diagonals, parallel lines, and right angles) and their rules and applications in representing complex spatial relationships
(e.g., imagining the result of combining two shapes). Such learning also involves applying rules to specific requests (e.g.,
calculating the area or perimeter of a shape) (Giofré et al,, 2014).

3. Van Hiele learning model

Pierre Van Hiele and Din Van Hiele-Geldof attempted to construct a theory that could level students' geometric
perception and help them develop skills such as visualization, critical thinking, intuition, perspective, problem-solving,
conjecture, deductive reasoning, logic, argumentation and proof. The van Hiele model of geometric thinking emerged
from the doctoral works of two Dutch mathematicians, Dina van Hiele-Geldof (1984) and Pierre van Hiele (1984), in
addition to the levels they focused on the phases of instruction.

The van Hiele theory originally consisted of five successive and hierarchically distinct levels of geometric thinking
(Usiskin, 1982). In modern literature, however, one can find two different ways of numbering van Hiele levels: levels 0
to 4 and levels 1 to 5 (Galitskaya & Drigas, 2020). The original van Hieles numbering version used Levels 0 to 4, however,
American researchers Mason (1998), Usiskin, (1982) and van Hiele (1986, 1999) replaced the numbering with 1 to 5.
This according to Mason (1998) allows for a sixth level, pre-recognition (pre-visualization) level,i.e. level for learners
who have not even achieved the basic Level 1 and they called it Level 0 (Bashiru & Nyarko, 2019; Burger & Shaughnessy,
1986; Halat, 2008; Halat & Sahin, 2008; Mason, 2009).

Van Hiele pointed out that the transition from one level to another requires a period of time longer than an hour or a
teaching unit. Dina (1957) in a study of 12-year-old students reported that to move from level 1 to level 2 took 20 lessons
and from level 2 to 3, 50 lessons (Usiskin, 1982).

Many researchers based on the Van Hiele model have attempted to test students' level in geometry. Unfortunately, the
results showed that students do not possess the skills they should have and this is true globally.

In 2019, a similar survey of 105 students was conducted in schools in Ghana by Bashiru and Nyarko. Four secondary
schools participated in the survey of which two were private. Most students (65) possessed skills corresponding to level
1, only 17 students possessed level 2 skills and only one student reached level 3. The remaining students could not even
respond to activities corresponding to level 1, so they were at level 0 (Bashiru & Nyarko, 2019).

These findings are also in agreement with other studies conducted (Mensah et al.,, 2023; Prayito et al., 2019; Rachmaniah
Mirza Hariastuti, 2023; Skrbec & CadeZ, 2015).

Jiri Haviger and Iva Vojkiivkova conducted a study involving secondary school students aged 15-17 years, which aimed
to test the level of van Hiele's geometric thinking of Czech students. They found that Czech geometric education
emphasizes the teaching of levels 1 and 2, and partly level 3. Their findings were as follows (Haviger & Vojkiivkov3,
2015)

e 97% of students achieved level 1, this level for the age group (15-17 years old) is easy.

e 87% of the students achieved level 2, this level is slightly more difficult than level 1.

e To achieve level 2 requires knowledge of level 1 (the percentage of students who achieved level 2 without level
1 was 2.6%).
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e Level 2 logically follows on from Level 1.

e 39% of students achieved level 3. This level is most helpful in separating students of age (15-17 years) into

classes.

Level 2 presupposes level 2 (only 8.7% skip level 2).

Level 3 logically follows level 2.

9% of students managed to achieve level 4. The level of difficulty is higher than level 3.

47.4% of students managed to achieve level 4 by skipping level 3. So they concluded that level 4 does not

logically follow level 3.

o The understanding and use of geometric shapes is important to be mastered by all students as they are used in
other areas of mathematics (fractions, multiplication in arithmetic, 2D and 3D graphs and functions, and
statistics) (Mathematics, 2009).

4. Difficulties and geometry

Students attending secondary schools need to master concepts, definitions, theorems, etc. and apply their knowledge to
solve problems usually presented in a linguistic form (Giofre et al., 2013). Based on Ozerem's (2012) study, 7th-grade
students have difficulties in geometry and these difficulties are due to students' weak memorization towards geometric
formulas or concepts, and students' inability to relate geometry to real life. Other causes of students' difficulties in
learning geometry were the weak knowledge of the concept, weak understanding of mathematical skills and students’
lack of enthusiasm towards the discipline (Gloria, 2015).

H visual-spatial and verbal-logical thought correlate with success in geometry and problem-solving.(Battista, 1990).
Saad and Davis (1997) reported that language skills affect performance in geometry (Saads & Davis, 1997). Kikovich
(2015) found that the difficulties students experience in geometry are related to their understanding of mathematical
language and its connection to preliminary knowledge (Kivkovich, 2015). Lean & Clements (1981) argued that to
achieve better performance in geometry and 3D representations, one must have spatial skills and knowledge of spatial
conventions (Lean & Clements, 1981). Battista (1990) argued that students who possess a high level of geometric
thinking more often use an analytical rather than a visual approach for problem-solving (Battista, 1990).

Solving mathematical word problems is a complex process that involves multiple cognitive processes (Pearce et al.,
2013; Pongsakdi et al.,, 2020; Swanson et al.,, 2015a). To solve word problems, students must first understand the
information presented within the problem, create a mental model of the problem with the information provided, and
then determine a pathway for solving that is based on their chosen model (Gonsalves & Krawec, 2014; Montague, 2003).
In addition, the role of working memory is important, as each of the steps to the solving require students to access pre-
stored information, select the appropriate algorithm, and apply problem-solving procedures to a variety of real-world
situations (Swanson, 2015, 2016; Swanson et al., 2015b).

Some researchers have argued that students' particular difficulties in geometry may represent a unique and specific
secondary type of learning difficulty(Chen et al.,, 2021), while others that performance in geometry is not independent
of performance in other types of mathematics (Peng et al., 2018).

However, it is important to note that research shows that academic achievement in geometry (secondary school), is
considered to be linked to a student's future academic and professional success (Verstijnen et al., 1998).

5. The role of ICTs - Discussion

Students have grown up with technology and the use of ICT is now essential in everyday life. The use of specific software
in the teaching of geometry has proven to be very effective and is recommended by many researchers (Adelabu et al.,
2019; Bhagat & Chang, 2015; Galitskaya & Drigas, 2019; Kim & Md-Alij, 2017; Lu’'luilmaknun et al,, 2021; Nzaramyimana
et al,, 2021; Rashevska et al., 2020; Sumarwati et al., 2020; Zaranis, 2014). Numerous studies present new mobile
applications (A. Drigas et al., 2020; Stathopoulou et al., 2019)and intervention programs that can improve student
performance in both special and general education (Bindu, 2016; Carnoy, 2004; Das, 2019; Doulou & Drigas, 2022; A.
Drigas & Charami, 2014; A. Drigas & Kokkalia, 2014; A. Drigas & Kostas, 2014; A. Drigas & Petrova, 2014; A. Drigas &
Rodi, 2013a, A. S. Drigas & loannidou, 2013; A. Drigas & Vlachou, 2016; Flecknoe, 2002; Henderson, 2020; Majumdar,
2015; Noor-Ul-Amin, 2013; Xanthopoulou et al., 2019; Zweekhorst & Maas, 2015). These programs often incorporate
artificial intelligence (Al), virtual reality (VR), STEM, or robotics(Anagnostopoulou et al., 2020; Brainin et al,, 2021;
Buckley et al., 2018; L. Chen et al., 2020; X. Chen et al,, 2020, 2022; Demertzi et al., 2018; Di Lieto et al., 2020; Dorouka
et al.,, 2020; A. Drigas et al,, 2022b; A. Drigas & Dourou, 2013; Hopcan et al,, 2023; Huang et al,, 2021; Hutchins et al,,

761



World Journal of Advanced Engineering Technology and Sciences, 2024, 13(01), 757-768

n.d.; Julia & Antoli, 2018; Kefalis & Drigas, 2019; Luan et al,, 2020; Lytra & Drigas, 2021; Mitsea et al., 2020; Ng et al,,
2021; Ouyang & Jiao, 2021; Pappas et al., 2018, 2019; Pratama et al., 2023; Sisman et al.,, 2021; Su & Yang, 2022; Vincent-
Lancrin & Van der Vlies, 2020; Xie, 2020; Yang, 2022; Zhai et al,, 2021; Zhong & Xia, 2020). All of these techniques and
practices improves the emotional educational procedures and provide students with a friendly and enjoyable
environment (Chaidi & Drigas, 2022b). Many researchers suggest that for better and faster results, ICT can be combined
with theories and models of metacognition, mindfulness, meditation and the cultivation of emotional intelligence
(Bamicha & Drigas, 2022; Chaidi & Drigas, 2022b, 2022a; A. Drigas et al., 2017, 20223, 2022c; A. Drigas, Mitsea, et al,,
2021; A. Drigas, Papoutsi, et al.,, 2021; A. Drigas & Papoutsi, 2021; A. Drigas & Sideraki, 2021; Galitskaya & Drigas, 2021;
Mitsea et al., 2022)

6. Conclusion

Based on the literature review we found studies that prove that geometric’ s skills is innate in humans other studies
prove that babies have geometric skills such as distinguishing differences between straight segments and angles. These
skills can be developed with the help of construction toys such as Lego. Unfortunately, there is a disregard for geometry
as students have not been successful in developing the skills required and this phenomenon is occurring worldwide.
Students claim an inability to learn geometric formulas and concepts, an inability to relate geometry to the surrounding
space, a lack of interest in the subject as well as an inability to understand the problem and retrieve the knowledge
necessary to solve it.
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