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Abstract 

This paper investigates the exponential of a matrix and its inverse operation, the matrix logarithm. The matrix 
exponential plays a fundamental role in connecting Lie algebras with matrix Lie groups, while the logarithm provides a 
formal inverse in a suitable neighborhood of the identity matrix. We establish fundamental properties of these functions, 
construct a group structure based on generalized matrix powers, and demonstrate its isomorphism with the exponential 
matrix group. This research highlights the structural and algebraic significance of the exponential and logarithmic 
functions in the context of matrix theory. 
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1. Introduction

The main aim of this endeavor is to identify the algebraic structure of the matrix powers of the matrix. The exponential 
of a matrix is central to the theory of Lie groups, acting as the bridge between a Lie algebra and its associated matrix Lie 
group. It encodes structural information from the algebra into the group. Conversely, the logarithm of a matrix provides, 
within certain constraints, an inverse to the exponential function. Together, these two operations establish algebraically 
sophisticated framework for studying linear transformations, operator theory, and group structures. 

In this paper, we define the matrix exponential and logarithm, prove their basic properties, and construct an abelian 
group structure from generalized matrix powers. Finally, we establish an isomorphism between this group and the 
matrix exponential group. 

2. The Exponential of a Matrix

Let 𝑋 be an 𝑛 × 𝑛 matrix, i.e., 𝑋 ∈ 𝑀𝑛(𝐾), where 𝐾 = ℝ or 𝐾 = ℂ. We define the exponential of 𝑋, denoted 𝑒𝑋 or 𝑒𝑥𝑝(𝑋)
by the usual power series:  

𝑒𝑋 = ∑
𝑋𝑚

𝑚!
,

∞

𝑚=1

 

where 𝑋0 = 𝐼, and 𝐼 is the identity matrix of order 𝑛. 

For any 𝑋 ∈ 𝑀𝑛(𝐾), we define the norm:  
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∥ 𝑋 ∥= √(∑|𝑋𝑗𝑘|
2

𝑛

𝑗,𝑘

). 

Proposition 1 ([1], Proposition 2.2) 

Let , 𝑌 ∈ 𝑀𝑛(𝕂). Then:  

(i). 𝑒0 = 𝐼. 

(ii). (𝑒𝑋)∗ = 𝑒𝑋∗
 

(iii). If 𝑋 invertible, then 𝑒𝑋 invertible and (𝑒𝑋)−1 = 𝑒−𝑋 

(iv). 𝑒(𝛼+𝛽)𝑋 = 𝑒𝛼𝑋𝑒𝛽𝑋 for all 𝛼, 𝛽 ∈ ℂ. 

(v). If 𝑋𝑌 = 𝑌𝑋, then 𝑒𝑋+𝑌 = 𝑒𝑋𝑒𝑌 = 𝑒𝑌𝑒𝑋. 

(vi). If 𝐶 invertible, then 𝑒𝐶𝑋𝐶−1
= 𝐶𝑒𝑋𝐶−1. 

3. The Matrix Logarithm 

The logarithm of a matrix is defined as the inverse of the matrix exponential, as far as possible. Let: 

𝐴 ∈ 𝑁𝑀𝑛(ℝ)(𝐼, 1) = {𝐴 ∈ 𝑀𝑛(ℝ)| ‖𝐴 − 𝐼‖ < 1}. 

Then, for 𝐴 ∈ 𝑁𝑀𝑛(ℝ)(𝐼, 1) the logarithm is given by the power series, 

log (𝐴) = ∑
(−1)𝑛−1

𝑛
(𝐴 − 𝐼)𝑛

∞

𝑛=1

. 

Proposition 2 

Let 𝐴, 𝐵 ∈ 𝑁𝑀𝑛(ℝ)(𝐼, 1). If 𝐴𝐵 = 𝐵𝐴 and ‖𝐵‖ < 1, then B log(𝐴) = log(𝐴) 𝐵.    

Proof.  

Since ‖𝐵‖ < 1,  

B log(𝐴) = ∑
(−1)𝑛−1

𝑛
𝐵(𝐴 − 𝐼)𝑛 ,

𝑛≥1

 

 By mathematical induction 𝐵(𝐴 − 𝐼)𝑛 = (𝐴 − 𝐼)𝑛𝐵. Hence,  

(∑
(−1)𝑛−1

𝑛
(𝐴 − 𝐼)𝑛

𝑛≥1

) 𝐵 = log(𝐴) 𝐵. Thus, 𝐵 log(𝐴) = 𝐵 log(𝐴) ∎  

4. Matrix Powers 

Definition 1 ([2]) 

Let 𝐴 ∈ 𝑁𝑀𝑛(ℝ)(𝐼, 1) and  𝐵 ∈ 𝑀𝑛(ℝ). The matrix power of 𝐴 to 𝐵 is defined as:  

𝐴𝐵 = 𝑒𝐵 log(𝐴). 
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Proposition 3 

Let 𝐴 ∈ 𝑁𝑀𝑛(ℝ)(𝐼, 1) and  𝐵, 𝐶 ∈ 𝑀𝑛(ℝ), ‖𝐵‖ < 1 and ‖𝐶‖ < 1. 

(i). 𝐴0𝑛×𝑛 = 𝐼𝑛×𝑛. 

(ii). If 𝐵𝐶 = 𝐶𝐵, then 𝐴𝐵+𝐶 = 𝐴𝐵𝐴𝐶 . 

Proof:  

(i). 𝐴0𝑛×𝑛 = exp(0𝑛×𝑛 log(𝐴)) 

         = exp(0𝑛×𝑛) 

         = 𝐼𝑛×𝑛. ∎ 

(ii). By definition 

𝐴𝐵+𝐶 = 𝑒(𝐵+𝐶) log(𝐴) = 𝑒𝐵 log(𝐴)+𝐶 log(𝐴). 

By proposition 2,  

𝐵 log(𝐴) 𝐶 log(𝐴) = log(𝐴) 𝐵𝐶 log(𝐴) = log(𝐴) 𝐶𝐵 log(𝐴) = 𝐶 log(𝐴) 𝐵 log(𝐴) 

By proposition 1(v), 

 𝑒𝐵 log(𝐴)+𝐶 log(𝐴) = 𝑒𝐵 log(𝐴)𝑒𝐶 log(𝐴) = 𝐴𝐵𝐴𝐶 . Thus, 𝐴𝐵+𝐶 = 𝐴𝐵𝐴𝐶 . ∎ 

 

5. Group Structures 

Definition 2 

Definition 2. A group is a set 𝐺 together with a map ∗∶  𝐺 × 𝐺 →  𝐺 

[∗ (𝑔1, 𝑔2)  ⟼  𝑔1 ∗ 𝑔2] satisfying the following four conditions. 

• (𝑔1 ∗ 𝑔2) ∗ 𝑔3 = 𝑔1 ∗ (𝑔2 ∗ 𝑔3) for all 𝑔1, 𝑔2, 𝑔3 ∈ 𝐺; 
• There exists 𝑒 ∈  𝐺 such that 𝑒 ∗ 𝑔 =  𝑔 ∗  𝑒 =  𝑔 for each 𝑔 ∈ 𝐺; 
• For each 𝑔 ∈  𝐺 there exists ℎ ∈  𝐺 such that ℎ ∗ 𝑔 =  𝑔 ∗ ℎ =  𝑒. 
• 𝐺 is abelian if ℎ ∗ 𝑔 =  𝑔 ∗ ℎ for all ℎ, 𝑔 ∈ 𝐺.  

Theorem 1 

The set 𝐸𝑥𝑝𝑀𝑛(ℝ) = {𝑒𝑋|𝑋 ∈ 𝑀𝑛(ℝ), 𝑆𝑋 = 𝑋𝑆 for all 𝑆 ∈ 𝑀𝑛(ℝ)} is a group under the operation 𝑒𝑋𝑒𝑌 = 𝑒𝑋+𝑌 for all 
𝑒𝑋, 𝑒𝑌 ∈ 𝐸𝑥𝑝𝑀𝑛(ℝ). 

Proof: 

Clearly, 𝐼 ∈ 𝐸𝑥𝑝𝑀𝑛(ℝ).  If 𝑒𝑋, 𝑒𝑌 ∈ 𝐸𝑥𝑝𝑀𝑛(ℝ) , then   𝑆𝑋 = 𝑋𝑆  for all 𝑆 ∈  𝑀𝑛(ℝ)  . Therefore,   𝑌𝑋 = 𝑋𝑌,  and hence, 
𝑒𝑋𝑒𝑌 = 𝑒𝑋+𝑌 for all 𝑒𝑋, 𝑒𝑌 ∈ 𝐸𝑥𝑝𝑀𝑛(ℝ) (by Proposition1(v)). 

Since 𝑆(𝑋 + 𝑌) = 𝑆𝑋 + 𝑆𝑌 = 𝑋𝑆 + 𝑌𝑆 = (𝑋 + 𝑌)𝑆 for all 𝑆 ∈  𝑀𝑛(ℝ), 𝑒𝑋+𝑌 ∈ 𝐸𝑥𝑝𝑀𝑛(ℝ). Matrix addition is associative 
gives the associative property hold in  𝐸𝑥𝑝𝑀𝑛(ℝ).  By Proposition1 (iii), every element in  𝐸𝑥𝑝𝑀𝑛(ℝ)  is invertible. 
Proposition 1(v), 𝐸𝑥𝑝𝑀𝑛(ℝ) is abelian. Hence 𝐸𝑥𝑝𝑀𝑛(ℝ) is an abelian group. ∎ 
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In this study, we define 𝑁𝑀𝑛(ℝ)(𝐼, 1) as the set {𝐴 ∈ 𝑀𝑛(ℝ))|‖𝐴 − 𝐼‖ < 1}. Henceforth, we will use 𝑁𝑀𝑛(ℝ) (0,1) to denote 

the set {𝑋 ∈ 𝑀𝑛(ℝ))|‖𝑋‖ < 1}. That is, 𝑁𝑀𝑛(ℝ)) (0,1) = {𝑋 ∈ 𝑀𝑛(ℝ))|‖𝑋‖ < 1}. 

Theorem 2 

Let 𝐴 ∈ 𝑁𝑀𝑛(ℝ)(𝐼, 1). The set  

𝐺 = {𝐴𝑋 ∣ 𝑋 ∈ 𝑀𝑛(ℝ), ∃𝑘 ∈ ℕ such that 𝑋 = ∑ 𝑋𝑖

𝑘

𝑖=1

, where  ∀ 𝑖, 𝑋𝑖 ∈ 𝑁𝑀𝑛(ℝ)) (0,1), and ∀ 𝑇 ∈ 𝑁𝑀𝑛(ℝ)) (0,1), 𝑋𝑖𝑇 = 𝑇𝑋𝑖 } 

 is a group under the binary operation 𝐴𝑋𝐴𝑌 = 𝐴𝑋+𝑌 for all 𝐴𝑋, 𝐴𝑌 ∈ 𝐺. 

Proof: 

Let 𝐴 ∈ 𝑁𝑀𝑛(ℝ)(𝐼, 1).   𝐴0 = 𝐼 ∈ 𝐺  because, ∥ 0𝑛×𝑛 ∥= 0 < 1  and 𝑋𝑇 = 0𝑛×𝑛𝑇 = 𝑇0𝑛×𝑛 = 𝑇𝑋 for all 𝑇 ∈ 𝑁𝑀𝑛(ℝ)) (0,1) , 

hence 𝐺 is non-empty.  

Let 𝐴𝑋, 𝐴𝑌 ∈ 𝐺. Then 𝑋, 𝑌 ∈ 𝑀𝑛(ℝ) and ∃𝑘, 𝑙 ∈ ℕ such that  

𝑋 = ∑ 𝑋𝑖

𝑘

𝑖=1

, 𝑌 = ∑ 𝑌𝑖 ,

𝑙

𝑖=1

where 𝑋𝑖 , 𝑌𝑖 ∈ 𝑁𝑀𝑛(ℝ)) (0,1) for all 𝑖 and 𝑋𝑖𝑇 = 𝑇𝑋𝑖 and  𝑌𝑖𝑇 = 𝑇𝑌𝑖 for all 𝑇 ∈ 𝑁𝑀𝑛(ℝ)) (0,1). 

Therefore, 𝑋𝑖𝑌𝑖 = 𝑌𝑖𝑋𝑖 for all 𝑖 = 1,2, … , 𝑡, where 𝑡 = 𝑀𝑎𝑥{𝑘, 𝑙}. Hence, 𝑋𝑌 = 𝑌𝑋.  

By proposition 2,  

𝑋𝑙𝑜𝑔(𝐴) = ∑ 𝑋𝑖 log(𝐴) = log(𝐴)

𝑘

𝑖=1

∑ 𝑋𝑖

𝑘

𝑖=1

= log (𝐴)𝑋, 

 and similarly, 𝑌𝑙𝑜𝑔(𝐴) = log (𝐴)𝑌. Therefore, 𝑋𝑙𝑜𝑔(𝐴)𝑌𝑙𝑜𝑔(𝐴) = 𝑌𝑙𝑜𝑔(𝐴)𝑋𝑙𝑜𝑔(𝐴), and by proposition 3 (ii) we have,  

𝐴𝑋𝐴𝑌 = 𝐴𝑋+𝑌and 𝑋 + 𝑌 = ∑ 𝑍𝑖

𝑘+𝑙

𝑖=1

, 

 where 𝑍𝑖 = 𝑋𝑖 for all 𝑖 = 1,2, … , 𝑘 and 𝑍𝑖 = 𝑌𝑖 for all 𝑖 = 𝑘 + 1, 𝑘 + 2, … , 𝑘 + 𝑙 , and   (𝑋 + 𝑌)𝑇 = 𝑋𝑇 + 𝑌𝑇 = 𝑇𝑋 + 𝑇𝑌 =
𝑌(𝑋 + 𝑌). Therefore, 𝐴𝑋+𝑌 ∈ 𝐺. Thus, for all 𝐴𝑋, 𝐴𝑌 ∈ 𝐺,  𝐴𝑋𝐴𝑌 ∈ 𝐺. Matrix addition is associative gives the associative 
property hold in 𝐺. Identity of 𝐺  is 𝐼 =  𝐴0 , and 𝐴−𝑋 ∈ 𝐺  is the inverse of any 𝐴𝑋 ∈ 𝐺 . Since 𝑋 + 𝑌 = 𝑌 + 𝑋 , 𝐺  is an 
abelian group. ∎ 

Theorem 3 

Group 𝐺 is isomorphic to 𝐸𝑥𝑝𝑀𝑛(ℝ).  

Proof:  

Define 𝜙: 𝐺 ⟶  𝐸𝑥𝑝𝑀𝑛(ℝ)  by 𝜙(𝐴𝑋) = 𝑒𝑋  for all 𝑒𝑋 ∈ 𝐺.  Then 𝜙  is a well-defined onto homomorphism. 𝐾𝑒𝑟𝜙 = 𝐼 , 
hence, 𝐺 ≅  𝐸𝑥𝑝𝑀𝑛(ℝ). ∎ 

6. Conclusion 

In this paper, we studied the matrix exponential and logarithm, highlighting their roles in the algebraic structure of 
matrix groups. We introduced generalized matrix powers, proved their fundamental properties, and constructed a 
group (𝐺) that is abelian and isomorphic to the exponential group of matrices. These results underscore the deep 
interplay between exponential and logarithmic functions in matrix theory, offering insight into applications across Lie 
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theory, operator analysis, and linear algebra. Future work may extend these results to infinite-dimensional operator 
algebras and explore computational aspects in applied settings. 
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