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Abstract

Contemporary technological systems increasingly require integrated plant and controller design to ensure robust
closed-loop performance. Control co-design addresses this challenge by simultaneously optimizing plant and controller
parameters within a unified framework. This article proposes a robust control co-design methodology based on
polytopic Hoo optimization for linear systems. The approach employs a two-level optimization strategy that guarantees
closed-loop stability throughout the entire design process, from plant parameter selection to controller synthesis. The
proposed framework provides a systematic and reusable reference for robust co-design problems subject to parametric
uncertainty. The effectiveness of the method is demonstrated through an automotive active suspension system, where
the proposed approach achieves improved closed-loop performance compared to conventional sequential plant-
controller design strategies.

Keywords: Robust Control; LMI; Control Co-Design; Automotive Active Suspension.

1. Introduction

The conventional design of practical systems is based on searching for the parameters of the mechanical structure,
followed by the control design, in order to improve the overall performance of the system [1]. The main disadvantage
of solving these two problems sequentially is that it does not guarantee global optimization of the dynamic system [2].
Therefore, the conventional method does not guarantee the ideal coupling between the mechanical design and the
control system, producing suboptimal results [3].

Design strategies that manage the coupling between the artifact and the control system are known as control co-design.
These approaches aim to carry out the project based on the balance between the performance of the mechanical
structure and the controller. In this manner, an integrated method for obtaining both plant and controller parameters
allows the achievement of an optimal system design [1].

Several optimization strategies can be applied to the control co-design problems [4]. Among them are sequential,
iterative, nested, and simultaneous optimization procedures. Because of the improved performance provided by control
co-design, this area has been the subject of intense research [5]. Recent studies include automotive systems [3, 6-12],
modern renewable energy systems [13-15], thermal management systems [16], and spacecraft systems [17]. In
addition, the application of co-design approaches to deterministic and uncertain problems has also been investigated
[18], as well as nonlinear problems [19].

Recent literature has presented several results on robust control applied to control co-design problems. In [20], a
comprehensive review of control co-design of uncertain systems is provided. In [21], a co-design algorithm based on
robust model predictive control (MPC) is discussed. The idea was to use the MPC algorithm as the inner loop of the
control co-design. According to the authors, this strategy can guarantee the feasibility of the MPC optimization when the
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co-design problem is formulated with bounded additive uncertainties. Another predictive methodology based on a tube-
based MPC algorithm is discussed in [22]. One of the main features is to provide performance-robustness trade-offs
through Pareto fronts. Robust control co-design involving set-based methodologies was proposed in [23]. The technique
provides the reachability analysis for closed-loop safety for uncertainties and exogenous inputs.

There is a vast literature concerning the application of Linear Matrix Inequalities (LMIs) in control systems. Due to recent
improvements in algorithms for convex optimization, many important control problems can now be solved efficiently
[24, 25]. Significant solvers and parsers have been developed to address the computation of LMI problems [26, 27]. In
the context of robust control, H2 and He controller designs take advantage of LMI convex optimization, since plant
uncertainties exhibit certain properties [28]. Among the recent results in LMI control, we can cite adaptive control [29,
30], robust fault-tolerant control [31], and learning control [32].

In this work a Robust Polytopic Optimization strategy, referred to as “RPO” herein, is proposed to solve control co-design
problems of linear systems through a combined plant and robust controller optimization. The controller optimization
is based on a LMI Hw design that considers the dispersion of the plant parameters in a polytopic framework. Once the
optimal controller is found, it is applied to the plant optimization procedure. As the calculated controller is suboptimal,
and it ensures stability for any plant inside such polytope (including the optimal one), a new smaller polytope is created
around the optimal parameters of the plant. Then, the procedure is repeated until the co-design solution is found. The
main idea behind the method is to construct a two-part interactive optimization where: i) the plant is optimized inside
a parameter polytope for which there is a robust stabilizing controller, and; ii) the polytope is progressively reduced
around the optimal plant solution, to reduce the controller conservativeness.

The proposed technique has some important features. Firstly, the plant-controller optimization guarantees closed-loop
stability at every algorithm step. Optimization solvability significantly benefits when plant uncertainties are formulated
in a polytopic format, thanks to the extensive studies and proven algorithms already available. In addition, technical
difficulties are avoided when a nested plant-controller optimization is adopted, in comparison to simultaneous control
co-design methods [33-37].

As a case study, the RPO method is used for the co-design of an automotive active suspension. The system spring and
damper are used as the plant parameters to be optimized. On the other hand, the Hw controller is applied to guarantee
that the active suspension achieves safety and comfort requirements for the passengers.

The remainder of the paper is organized as follows. Sec. 2 presents an overview of the four co-design strategies. Sec. 3
reviews the LMI He robust control. Sec. 4 describes the algorithm of the co-design through robust control. Sec. 5
discusses the usage of the strategy on a case study of a vehicle active suspension. Sec. 6 illustrates the efficacy of the
proposed algorithm when applied to the active suspension system. Finally, Sec. 7 presents the conclusions.

2. Optimization strategies
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Figure 1 Co-Design optimization strategies.
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Studies on control co-design can be found in different contexts in the literature. The main strategies can be divided into
four categories [4]: sequential, iterative, nested, and simultaneous, as illustrated in Figure 1.

The sequential strategy is the conventional approach for solving the plant-controller design. In this case, there are two
separate optimization problems. The plant is first optimized, followed by the controller design. If there are any couplings
between these problems, the controller is completely ignored during the plant optimization. If certain controller
parameters are necessary in plant optimization, they are assigned assumed (fixed) values. Once the optimal plant is
obtained, the controller design is performed. Although simpler to solve, the sequential strategy can achieve the global
optimum for the plant-controller system only if the two problems are completely uncoupled. Depending on the nature
of the coupling, the method can fail to provide an optimal solution for the controller, or even for the overall system [4,
38, 39].

In the iterative strategy, the co-design problem is iteratively solved. The artifact design is first performed by assuming
an initial controller. Next, the controller design is performed with the artifact parameters held constant. This controller
is then applied to a new plant optimization. In this approach, the solution of each iteration becomes the starting point
of the new iteration. This cycle is repeated until convergence criteria are met. The main advantage of this strategy is that
the two optimization problems maintain a separate structure. However, convergence cannot be guaranteed for all cases,
nor can convergence to a globally optimal solution [4, 39].

The nested (or two-level) optimization strategy requires two optimization routines: an outer loop that solves the
optimal artifact design problem, and an inner optimization loop that identifies the optimal controller for each artifact
design considered by the outer loop [38]. In the nested approach, the plant design evaluated in the outer loop is used to
determine the next iteration, for example, by determining derivatives and taking an optimization step. The main
advantage of the nested approach is the ability to employ existing control design methods to solve the inner loop
problem, without the complexity of managing artifact design variables [38].

The simultaneous co-design optimizes artifact and control variables in the same optimization formulation. That is, the
simultaneous optimization algorithm attempts to optimize a combined artifact-controller objective function by varying
the artifact and controller designs simultaneously, subject to the combined set of artifact and controller constraints [38].
This approach has the advantage that, if a solution is found, the resulting system is optimal. The main issue of this
strategy refers to the design complexity, since the optimization problem cannot be solved until the artifact and control
objectives have been formulated. This requires that the control architecture should be decided early in the design
process [39].

3. LMI H,, Robust Control

The application of the LMI He robust control to polytopic uncertain systems has been well established in the literature.
Hence, only the main concepts are presented herein, following the discussions in [40, 41].

Consider a control system with the configuration shown in Figure 2. In this paper, a static-state feedback is assumed,
with P(s) and K representing the plant and the controller respectively. The signals u and w are, respectively, the
control input and disturbance input. The signals y and z are, respectively, the sensed output and the disturbance
rejection output. In addition, x represents the state variables of the plant.

W P —————— z
P(s) t+—v
r\.—.d
u X
F ——
-K *
| S

Figure 2 Block diagram of a robust control closed loop.

Assume a plant P(s) with uncertainties on the parameters given by Eq. (1):
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Z(t) = A(E)T(t) + By(§)w(t) + Ba(E)u(t)

P(5) £ ¢ 2(t) = C1() + Dua(Ew(t) + Daz(E)ut) (1)
y(t) = C2()T(t) + Daa (w(t) + Daa(€)ult)
This paper considers a static-state feedback controller u(t) = —Kx(t). Therefore, the closed-loop system from w(t) to

z(t) is given by Eq. (2):

. ~ -
—

cl E_’)i:cl@) + B(~)w£t>
( ) Cz(é; _’cl( )+ Qz(é;)w(t) (2)
y(t) = Cy(§)Za(t) + Dy(§)w(t)

with:A"=A — B,K; B"=B;; C, = C; — D3K; C", = C; — Dy;K; D", = Dyy, and; D", = D, (where the parameter
dependence on the matrices was dropped for brevity). In this case, the closed loop transfer function from w(t) to z(t)
is given by T,,,,(s) = D", + C,(sI — A")~'B". The infinity norm of this transfer function is defined as |[|[Twz(s)||, 2
sup,, |Twz(jw)|.

Let a unity simplex be written as

N
=1

Furthermore, consider that each state matrix can be written as a convex combination of N matrices:
P2 (AE),Bi&), - . Dn(d) = Z@ AiBui, -+ Da), @

with & € U, and N being the number of uncertain parameters. Such uncertain model is then referred to as a polytopic
system. Hence, the closed loop matrices in Eq. (2) can also be written in a polytopic framework, resulting in:

Pa (A6.5@. D,@) - > 6 (AuBu Dy). ©)
=1

The Hw control consists of designing a controller such that the closed loop is stable for any plant model contained within
the polytope, and the infinity norm of the transfer function Tw:(s) is suboptimal. This problem can be solved through the
well-known bounded real lemma as follows.

Lemma (Bounded Real [24]) Consider the closed-loop system as in Eq. (2), with polytopic uncertainties described in
Eq. (4). The following statements are equivalent:

(i) the closed loop system is stable;

() [Twz(s)lle < v € R;

(iii) there exists a symmetric positive definite solution P to the LMI
A,P+PA; PB; C;

Si = * —~I D,.; | <0, (6)
* * —I
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withi = 1,...,N.
(iv) there exists matricesQ = Q7 > 0,Q = P 'and W = KQ that are the solutions to the LMI’s:

QA" +A;Q-By;W-W'By;, By, QC;"-W'Dyy,"
* —I Dyy;" <0, 7)
* * —TI

withi = 1,...,N.

Eq. (7) presents the LMI's as a function of the plant matrices. This is used for direct computation of the controller in a
linear framework. Such an equation is obtained by the congruence transformation L S;L, with L = diag(P~1,I,I), and
“diag” denoting a block diagonal matrix.

The controller design for polytopic uncertain plants is quite conservative for fixed Lyapunov matrix P. Some results are
presented in the literature to reduce such conservativeness by using parametrized Lyapunov matrices (e.g. [28]).
However, the fixed Lyapunov matrix is still assumed in this paper, since the polytopic set size is progressively reduced
along the co-design optimization procedure (see Section V).

3.1. Control Co-Design Through Robust Polytopic Optimization - RPO

In general, the plant-controller co-design can be described by
s.t. h(Z,, Z.,t) =0 (8)
T 0

where f is the objective function to be minimized, X,, and ¥, are, respectively, the design parameter vectors of the plant
and controller to be determined, h and g are the equality and inequality constraints, respectively. In a typical control co-
design problem, the objective function can be split so that

f(.%'p,l'c,t) = fp(xpaxwt) +fc<xp7xc>t)> )
where fyand f: represent objective functions for the plant and the controller, respectively.
The paper proposes an approach to perform the control co-design optimization for systems, which can be cast in a

polytopic modeling framework. Herein, such methodology is referred to as Robust Polytopic Optimization - RPO. The
method is schematically presented in Figure 3, where each algorithm block is explained as follows:

Plant initial
parameter polytope

Closed loop
configuration

Controller

Plant parameters:
Controller parameters: Z.

Tp; < Tp; < Tp;

Final Control
Co-Design Solution ‘H o Controller Design
It finds the optimal
controller
for that polytope

|

Polytope-size Plant Optimization
reduction

N

Stop
Condition

Optimal plant param.: &,
Optimal controller param.: Z

Given z, it finds

Given z7 and z, , the € the optimal plant z;,
polytope limits are reduced for that polytope
for z,, < a:;i +p

Figure 3 Control co-design through Robust Polytopic Optimization (RPO): schematic illustration of the methodology.
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e (Closed loop configuration: This action is related to the controller and closed-loop framework adopted during
the control co-design. It follows the concepts presented in the Section III;

e Initial polytopic model: Firstly, each of the plant design parameters in X, are limited by a range with extreme
values (min(xpi) < Xpi S max(xpi)). This range takes into account, for example, physical and constructive
restrictions for that given plant parameter. The plant is then modeled as a linear uncertain polytopic system,
as presented in Eqgs. (1) and (4);

e Hocontroller design: In this step, a polytopic He» control design is performed. The initial polytope - based on
the nominal parameters and their constructive limitations - is used in the first algorithm iteration. For the other
co-design iterations, the reduced-size polytope is used (see the step “polytope-size reduction” below). Basically,
the controller design follows the convex optimization of Eq. (7), which results in a state-feedback matrix K. It
is important to observe that the Lyapunov matrix P (and also W and Q in Eq. (7)) is not kept fixed throughout
the control co-design procedure. This implies that new Lyapunov matrices are computed for each He controller
design. Such a procedure aims to reduce controller conservativeness along the polytope-size management, by
searching a new suboptimal controller for each new reduced polytope.

e Plant optimization: Once a stabilizing controller is obtained, the plant can then be optimized within the
polytope range. Notice that we are interested in obtaining optimized plant parameters x,; that minimize a
certain objective function f{X,,, X ,t) with the controller kept frozen from the last step. This implies that the
optimization is performed in a closed-loop sense, i.e. the plant that achieves the minimum cost function level
for that closed loop configuration. Because of this, f(X,, X, ,t) should measure the overall system performance.

e This step is only possible due to the methodology proposed in this paper. As the controller is stabilizing for any
plant inside the polytope, it will also be stabilizing for the optimal plant. If this strategy is not applied, the plant
optimization could interfere with the closed loop stability with a frozen controller, and the optimization
consistency could be lost.

o Polytope-size reduction: A known issue in robust control is the conservativeness. The fact of obtaining a
stabilizing controller for a wide set of plants (expressed by the polytope) provides a suboptimal solution that
is obviously conservative. A strategy to circumvent such issue is to use parameter-dependent Lyapunov
matrices along the convex optimization of the LMIs in Eq. (7). There are presently proper parsers to solve that
problem [27].

This paper adopts an alternative way to reduce the conservativeness during the co-design optimization. By taking the
optimal plant parameters x, ; from the last plant optimization, a new polytope is created around this solution. This new
reduced polytope is used for the robust controller design. After this, the plant optimization is again performed by
keeping the controller frozen along this optimization. With the new optimal plant of this stage, a new reduced polytope
can be obtained. The procedure is then repeated until the stopping condition of the co-design process. Figure 4
illustrates the procedure of polytope reduction.

Plamnt
Optimization
[ \ Flant
Control { Control Optimization Control Plant
Design j 7 | Design / E —, Design Optimization
o — I|I II- .,-'-""-__--\"' / .'-I .'" —— S
e N \ s * (O T .e"a %\ R f’rf-." * %1\‘1
EEE I|II.I xk II|I I", xk+1 I-': "‘\, x‘iﬁz --"'I -
| S \ / \ /
II| .- -. |II l"- "II
Lo— \ PYk+2
Pyk PYk+1

Figure 4 Polytope-size reduction. Py;denotes the polytope used in the robust controller design (continuous line),
while xjrepresents the optimal plant solution for that polytope. Once an optimal plant solution is found, a new
polytope is created around it (dashed line). The controller-plant optimization is then repeated for this reduced
polytope. This methodology progressively reduces the controller’s conservativeness throughout the co-design

procedure

A strategy for a systematic polytope-size reduction along the co-design procedure is taking a percentage p of each

optimized plant parameter, which is progressively reduced along the plant-controller co-design optimization. The
choice of the percentage p is obviously related to the practical co-design problem in discussion. However, a drastic
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polytope-size reduction should be avoided along the iterations, because this can jeopardize the optimization evolution
along the process (e.g. loss of the optimal solution);

* Stopping condition: At this stage, some iterative stopping condition should be tested. As an example, one could
test the present polytope size: if it is small enough, this means that we are close to the problem optimum. An
alternative would be to limit the minimum amount of variation of the optimal cost-function. Once the stopping
condition is achieved, the optimal pair plant-controller is obtained.

Some remarks about the methodology are addressed as follows. By writing the uncertain plant in the polytopic format,
one can ensure convexity during the controller optimization - an important feature. Moreover, the Ho design provides
closed-loop stability for any plant inside the polytope, and this condition is not lost during the plant optimization. As
the polytope size is reduced along the iterations, the controller tends to become less conservative.

In many aspects, the proposed co-design approach blends characteristics of the iterative and nested co-design
strategies. However, it is important to notice that the features previously discussed cannot always be achieved by many
iterative and nested co-design methodologies when an ordinary optimization method is applied [12].

4. Case Study: Vehicle Active Suspension

Demands for better ride comfort, vehicle handling, and safety have motivated many automotive manufacturers to
consider the use of active suspensions [42]. Active suspensions, capable not only of storing and dissipating energy but
also of introducing it into the system, can better resolve the trade-off among these conflicting performance
requirements [8]. In this article, the co-design of a quarter-car active suspension aims to improve the system'’s
performance in terms of driving comfort and vehicle safety.

The dynamics of the suspension are based on the quarter-car model, represented by a linear system of two degrees of
freedom, as shown in Figure 5. In this model, the sprung mass msrepresents a quarter of the total body mass of the
vehicle, and the unsprung mass murepresents the axle-wheel assembly. The suspension system consists of a spring with
elastic constant ksin parallel with a shock absorber with damping coefficient bs. The active control force Fa(t) is applied
between the two masses by means of an

actuator. The elastic constant of the tire is called k. The two degrees of freedom of the model are represented by the
vertical displacement of the sprung mass Zs(t), and vertical displacement of the mass unsprung Zu(t). The disturbance
Zr(t) is caused by the road surface irregularities.

Figure 5. Quarter-car vehicle suspension model [43].

The dynamic model of the system can be described by

Z(t) = AZ(t) + BoFu(t) + B Z.(t) (10)

where ¥(t) is the state vector, defined by
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1 (t) Zs(t) — Zu(t)

zo(t) | | Zs(t) — Zu(t)

x3(t) | Zu(t) (11)
~C4(t) Zu. t)

where x:(t) the vertical displacement between sprung mass and unsprung mass, xz2(t) the velocity between sprung mass
and unsprung mass, x3(t) the vertical displacement of the unsprung mass and xa(t) the velocity of the unsprung mass.
The matrices 4, Baand Brare given by

0 1 0 0

ki, (L ;) b, (; L) ko
A — Mg + Moy ms + Moy My 7 (12)

0 0 0 1

ks bs ke ()

- U, U T Uu -

BA = |: 0> (mis + miu> ) 07 w_rb_i } (13)
B’r‘ = [ 07 _:L_Z? 07 ﬂ]z—tu ]T~ (14)

The parameters ksand bshave been treated as independent design variables in many co-design works, but it is
known that, in fact, they depend on geometric design and constraints. Here, based on the study in [3], ksand bsare treated
as dependent variables through geometric constraints. Herein, it is used a plant model that calculates the spring and
damper coefficients as a function of their independent geometric variables.

4.1. Spring design

Figure 6 illustrates a helical compression spring with square and ground ends. The coil spring surrounds the damper,
and they are coaxial.

Figure 6 Helical compression spring with squared ground ends [3].

The free length of the spring is Lo= pNa + 2d and the solid height is Ls= d(Na + 3), where p is the spring pitch and Nais the
number of active coils. The spring constant is:

b d*G 15
"= 8DON, (1 1 1ac?) (15)
where d is the wire diameter, G is the shear modulus, D is the helix diameter and C is the spring index [44].

4.2. Damper design

In the project, a single-tube telescopic damper is considered where linear damping is assumed. The damper’s working
principle, its damping and thermal properties can be found in [3]. The damper coefficient is:
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D?
by = b [The;r (16)
SC(I’T]AJ"\/ Iw‘n.D(Q, 2

where kv is the spool valve spring constant, p1is the damper fluid density, Cqis the discharge coefficient and D, is the
valve diameter. The coefficient n defines the upper limit of the proportion of the external circumference of the spool
valve that can be exposed. The area factor Ay is used to adjust the shape of the door and xm is the maximum elevation of
the valve at the maximum pressure allowed in the damper, given by:

ngsvwmz
D'f) k.
where Vinax is the maximum piston speed of the shock damper.

LTy =

(17)

4.3. Project geometric constraints

The construction of the spring and the damper is subjected to several geometric constraints. The spring index C is
limited to a range between 4 and 12 for commercial automotive applications. The spring free length should be limited
to a maximum available space Lomax. The internal and external spring diameters should be constrained to extreme values
Dintmin and Dexemax, respectively. In addition, the spring internal diameter should be larger than the damper diameter, by
a specified clearance. Additional constraints related to the spring and damper materials can also be included [3]. All
these design constraints enter into the system optimization, and they should be taken into account during the co-design
procedure.

4.4. Control co-design optimization

The plant design vector X, is composed of the helix diameter D, the wire diameter d, the spring pitch p, the damper
piston diameter D, and the valve diameter D.. These parameters are subjected to the physical constraints already
mentioned. The variable X, represents the design parameters of the controller to be determined during the optimization
process. Herein, we aim at the complete design of the spring and the damper artifacts, as well as the optimum controller.

Some co-design objectives were established in this paper, as follows. Firstly, the design aims at the disturbance
minimization due to track irregularities. This takes into account three important features to be provided by an active
suspension: i) the passenger comfort, measured through the amount of vertical car acceleration; ii) the vehicle safety,
ensuring proper levels of the contact force between the tire and the track, and; iii) the component life cycle, by
minimizing the vertical displacement of the suspension rod. These three criteria can be formulated within a robust
control framework, in which one obtains an optimal controller that minimizes the Ho norm from the road disturbance
input (Zr) to the affected variables (Z's, Zu - Zrand Zs - Zu respectively).

Another important design objective is the weight reduction of the suspension system. This can be accomplished by the
minimization of the spring weight ¢. A detailed analysis of the mechanical parameters involved in such weight
minimization is available in the literature [44].

The absolute maximum shear stress on the walls of the shock absorber body - 7 - must be minimized in order to increase
its useful life. This is another plant objective that should be used during the optimization [45].

Then, the co-design problem can be formulated as a weighted optimization of these three requirements as follows:

) 2 T
Jplant =Wy +ws + w3 (18)
oco,maix Pmazx Tmax

where the maximum acceptable values are considered for the robust norm (He,max), for the spring weight (¢max) and for
the absolute shear stress (Tmax). These weights w1, wz, and ws can be chosen to reinforce the relative importance among
the optimization criteria.

5. Simulation Results

The nominal suspension data were taken from [46], referring to a 2006 Fiat Uno vehicle, with its parameters defined in
Table 1. The optimization parameters consist of the helix diameter D [m], the wire diameter d [m], the spring pitch p
[m], the damper piston diameter D, [m], and the valve diameter D, [m]. The nominal values of the helix diameter, the
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wire diameter and the number of active coils for the spring consist respectively of D = 0.123 m, d = 0.012 m and Nq= 6.
Specifying the free length of the spring Lomax= 0.330 m and using Lo — Lomax < 0, with the nominal values of d and Na, we
obtain p = 0.051 m.

Table 1 Parameters referring to a quarter of a Fiat Uno car.

Variable | Description Value

ms Sprung mass 260 kg

my Unsprung mass 31.5kg

Ks Suspension spring stiffness coefficient 16878.32 N/m
bs Suspension damper damping coefficient 1554 N.s/m

ke Tire stiffness coefficient 190000 N/m

The upper and lower limits of the helix diameter are defined as being 30% of the nominal value and the wire diameter
as being 25% of the nominal value. The minimum internal diameter is defined as being Dintmin = 0.071 m and the
maximum external diameter as being Dextmax = 0.175 m. The spring design considers ASTM A401 steel, which has a
modulus of elasticity of E = 203.4 GPa and a shear modulus of G = 77.2 GPa. According to [3], a gap of dac= 0.0090 m
between the spring and the damper, and the shock absorber wall thickness is ts=0.0020 m.

In the design of the damper, the discharge coefficient is specified as being approximately Cs= 0.70 for spool valves. The
spool valve spring constant is ky= 7500 N/m, and the fluid density of the damper is p1= 850 kg/m3. Consider n = 0.9 and
Ar=0.1 [3].

The nominal value of the piston diameter was estimated based on the literature, which informs that, for a McPherson-
type automotive front suspension, the value of the piston diameter can be 0.030 m or 0.032 m [47]. We considered D, =
0.030 m as the lower limit, and D, = 0.036 m as the upper limit. The lower and upper bounds of the valve diameter are
0.0042 m and 0.0061 m, respectively. Therefore, the design constraints referring to the suspension spring and damper
are given in Table 2.

Table 2 Co-design constraints for the suspension spring and damper.

0.0861 <D < 0.16 | 0.009 <d <0.015 | 0.030 < p < 0.072
4d <D < 12d L, <5.26D L, <033
d+D <0175 D-d=>0071 |d—D+D,+0022<0

The initial values referring to the spring design are selected as the nominal: Do=0.123 m, do= 0.012 m, po= 0.051 m. In
relation to the initial values of the damper design, D{,’ =0.03 mand L% = 0.051 m are assumed, which correspond to the
average value of the lower and upper limit of each parameter. These parameters lead to ks= 17837.08 N/m and bs =
1510.30 N.s/m, according to Eq. (15), and (16). For comparative analysis between systems, it is assumed that the initial
values of the plant design parameters are the same.

Aiming to improve the dynamic behavior of the vehicle considered in this work, the suspension system control project
was carried out in order to guarantee both requirements, driving comfort and vehicle safety. In this context, the outputs
to be controlled z are the vertical acceleration of the sprung mass (Z,) and the difference between the displacement of
the unsprung mass and the irregularity of the track Z. -Z. The suspension workspace, Zs —Z,, was also added as a
performance output. The control output y used to feedback the system is the suspension workspace Zs— Z.. The reason
is that this variable corresponds to the extension/compression of the actuator, a quantity that can be measured by the
sensors [48].

Based on these considerations, the control matrices for optimizing comfort and safety are given by A = Ap, B1= Brand Bz
= By, as defined in Eq. (12) to (14). The exogenous input w is the disturbance Zr from road irregularities, and control
input u is the active force Fabetween sprung and unsprung masses. The output system matrices are given respectively
by:
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g 0]

Ci=| 0 0 10
1 0 0 0 ]
0 .

Dy = | -1 | ;D12 =
0

Cy=[10

0 0]; Dy = 0; Dyy = 0.

(19)

(20)

(21)

In the work, functions of the Yalmip Toolbox [26] are used to solve the optimization problems of the controller. The

plant optimization was performed using the fmincon optimization function. The controller optimization problems were
performed using the sdpt3 solver.

The suspension systems are compared with respect to responses to a given excitation from road irregularities. In this
study, two road profiles are defined to excite the suspension system, which are the bump excitation and the sinusoidal

excitation.

In this work, the vehicle is considered passing by the bump excitation of 3.70m long and 0.10m high, at a speed of
30km/h, as shown in Figure 7(a). For simulations considering the sinusoidal road profile, w = 8rad/s is defined, which
is close to the resonance frequency of the sprung mass. The amplitude of the sine wave is 0.010m, as shown in Figure

7(b).

=]
s

Lhisplacement {my)
o
(=]
o

Displacament {m)

05 1 1.5 2 2.

Time (=)

{a) Bump excitation

Time (=)

() Sinusoidal excitation

Figure 7 Road profile.

The comparative analysis of the RPO methodology is carried out with the sequential, iterative and nested optimization
strategies for the automotive suspension system. The algorithms used for the comparative analysis were presented in

[48].

The optimized plant parameters for sequential, iterative nested and RPO are shown in Table 3.

Table 3 Optimized plant design parameters.

Sequential | Iterative | Nested RPO
D (m) 0.1226 0.1030 0.0903 0.1380
d (m) 0.0103 0.0097 0.0092 0.0130
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p (m) 0.0617 0.0507 | 0.0561 | 0.0541
Dp(m) | 0.0359 0.0357 | 0.0334 | 0.0359
Do(m) | 0.0060 0.0060 | 0.0052 | 0.0060

ks(N/m) | 11814.92 11903.61 | 17514.81 | 18900.86
bs(Ns/m) | 1243.20 124419 | 1463.82 | 1252.13

The values of the transfer matrix norms between the exogenous input and the controlled outputs, the magnitude of the
spring weights, and the maximum shear stresses in the shock absorber body walls are shown in Table 4, for each of the
studied methods. To obtain these results, the weights adopted in Eq. (18) were Ho% = 0.10, p% = 0.30 and Tmax" = 0.60
for the sequential, iterative and RPO, and Hw% = 0.00, p% = 0.40 and tmax” = 0.60 for the nested. Maximum values are
defined for these parameters in order to normalize Eq. (18), that is, Ho = 1000, ¢ = 10 kg and tmax= 100 MPa.

Table 4 Values of the transfer matrix norms, of the spring weights and the maximum shear stresses in the shock
absorber body walls.

Co-design | ||Twz(s)||oo | Weight [kg] | tmax [MPa]
Sequential | 730.80 1.26 30.15
Iterative 730.87 1.19 30.34
Nested 730.85 0.83 38.58
RPO 730.85 2.55 30.33

It can be seen that the values of the || Twz(s)|| norm are very similar regardless of the optimization strategy employed.
The same occurs for the maximum shear, except for the nested method.

Figure 8 shows the behavior of the vertical acceleration of the sprung mass when passing through the bump excitation,
as shown in Figure 7(a).

2
—_ rf‘t Sequential _ Aciive
S 1F | Harativa Yy 25- A
E f ]| Masiad F= II |I
E | E
c o) | pprm——— RO = i
— —_ — 1 - —
& | | g 97 )
m - | j T L
o o Lo
g2t Y g |
o - u o 25 '._\_.'

3 ; ' :

4] 0.5 1 15 2 2.5 3 o] 05 1 15 2 25 3

Time s) Time ()
(a) Optimized systems (b) Active system

Figure 8 Response of the sprung mass acceleration when passing through the bump excitation.

Table 5 presents the maximum peak, minimum peak, and RMS values of sprung mass vertical acceleration for the

studied cases. In addition, the percentage of reduction in relation to the active project is also shown. For the peaks, the
reduction obtained in terms of the peak-to-peak value is considered.

Table 5 Optimized plant design parameters - acceleration [m/s?].

Max. Peak | Min. Peak | RMS | Apea[%] | Arms[%]
Sequential | 1.313 -1.424 0.374 | 7.2 7.4

Iterative 0.788 -0.833 0.216 | 45.0 46.5
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Nested 0.867 -0.921 0.240 | 39.4 40.5
RPO 0.909 -0.969 0.252 | 36.3 37.6

It can be seen, through Figure 8(a) and Table 5, that the RPO has a performance equivalent to the iterative and nested
methods, but with a slight deterioration in relation to the peak value of the temporal response and the RMS value of the
sprung mass acceleration. However, the method maintained a substantial improvement over the sequential co-design
and the non-optimized active design, as can be seen by comparing Figure 8(a) with Figure 8(b).

Figure 9 shows the behavior of the contact force between the tire and the track when the vehicle is subjected to bump

excitation.
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Figure 9 Response of the contact force when passing through the bump excitation.
The maximum and minimum peak values of the contact force between the tire and the track for the sequential design,

the iterative design, the nested design and the RPO are shown in Table 6. In addition, the reduction percentage of the
peak value of the time response of each co-design in relation to the active system is also shown.

Table 6 Optimized plant design parameters - Force [N].

Max. Peak | Min. Peak | Apear[%]

Sequential | 3358.76 2161.91 1.6
Iterative 3350.98 2205.18 5.8
Nested 3347.48 2199.10 5.5
RPO 3346.49 2195.78 5.4

When comparing Figures 9(a) and 9(b), it is verified that the sequential, iterative, nested co-design method and the RPO
maintained an improvement in relation to the non-optimized active design.

The behavior of the vertical acceleration of the sprung mass and the contact force between the tire and the track, when
passing through the sinusoidal excitation, as illustrated in Figure 7(b), is shown, respectively, in Figures 10 and 11.
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Figure 10 Response of the sprung mass acceleration when passing through the sinusoidal excitation.

Table 7 presents the sprung mass vertical acceleration RMS values for sequential design, iterative design, nested design
and RPO. In addition, the reduction of the RMS value of each co-design in relation to the active system is also shown.
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Figure 11 Response of the contact force when passing through the sinusoidal excitation.

Table 7 Optimized plant design parameters - acceleration [m/s?] .

RMS | Arms[%]
Sequential | 0.108 | 7.6
[terative 0.062 | 47.0
Nested 0.069 | 41.0
RPO 0.073 | 37.6

Comparing the methods with this type of excitation, similar results are found in comparison to the spine case. From
Figure 10, it can be seen that the RPO improves the vertical acceleration at the resonant frequency of the sprung mass
in relation to the active system.

In relation to vehicle safety, it is observed through Figure 11 that the RPO method presents values for the road contact
force that are lower than the active system, contributing to the improvement of vehicle safety. The RPO strategy leads
to results far superior to the non-optimized active design, as expected. Both comfort and vehicle safety have been
substantially improved.

6. Conclusion

This paper presented a control co-design methodology termed Robust Polytopic Optimization (RPO), applicable to a
class of linear dynamical systems subject to parametric uncertainties. The proposed approach integrates plant
optimization and controller synthesis within a polytopic robust control framework, enabling a two-level optimization
strategy that preserves closed-loop stability throughout the entire co-design process.
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At each iteration, a robust controller is synthesized based on a polytopic representation of the plant uncertainties, and
subsequently employed in the plant optimization step while maintaining the closed-loop performance specifications. A
distinctive feature of the RPO methodology is the progressive reduction of the uncertainty polytope, which
systematically alleviates the conservativeness typically associated with robust control-based co-design approaches.
This iterative process is repeated until a predefined stopping criterion is satisfied, leading to a consistent and efficient
convergence toward an optimized plant-controller pair.

The effectiveness of the proposed methodology was demonstrated through the co-design of an automotive active
suspension system, targeting improvements in driving comfort and vehicle safety. In this application, the suspension
spring stiffness and damping coefficients were treated as dependent variables governed by geometric constraints,
allowing the co-design problem to capture realistic physical relationships between plant parameters. The obtained
results indicate that the RPO strategy achieves performance levels comparable to, and in some cases exceeding, those
of conventional sequential, iterative, and nested co-design approaches, while ensuring robustness and closed-loop
stability at every stage of the optimization.

Although illustrated using an automotive suspension system, the proposed framework is not limited to this specific
application and can be extended to other control-oriented and mechatronic design problems involving parametric
uncertainties. Future research will focus on extending the RPO methodology to time-varying and nonlinear systems, as
well as on its application to broader classes of multidisciplinary engineering design problems.
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