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ABSTRACT

The histogram test is one of the most widely used methods for the characterization of analog-to-digital converters
(ADCs), yielding estimates of the transition voltages and, from them, of the code bin widths, gain, offset and linearity
errors. Since these estimates are computed from a finite number of samples that are affected by several non-idealities
of the test setup, they behave as random variables whose uncertainty must be quantified in order to establish a
confidence interval for the converter characteristics. This paper presents an overview of that uncertainty, with
particular emphasis on the variance of the transition voltages obtained with the cumulative histogram.

The combined influence of the three dominant random effects — phase noise, input-equivalent additive noise and the
random phase difference between the stimulus signal and the sampling clock — on the number of counts of the
cumulative histogram is analysed within a unified framework, instead of treating each effect separately and adding the
individual contributions as was done in earlier works. The variance of the number of counts is decomposed into the
mean of the conditional variance and the variance of the conditional mean, and the dependence of each term on the
standard deviations of the noise sources and on the transition voltage is examined. Building on this analysis, an
asymptotically approximate but more accurate expression for the variance of the transition voltages is presented, whose
maximum relative error is below 17%. It reproduces the saturation of the variance towards M/4 for large noise by
means of a minimum function and accounts for the random phase difference through a maximum function, thereby
avoiding the overestimation inherent in the expressions adopted in the de facto standard for ADC testing.

The effect of frequency errors, which cause the sample phases to depart from a uniform distribution, is also addressed,
including the coherent-sampling condition, the role of the frequency ratio and of the Farey sequence, and the bound on
the frequency error below which the variance of the number of counts remains lower than %. Theoretical predictions
are validated both against results previously reported in the literature and against experimental measurements
performed on real ADCs, showing good agreement in all cases.

Keywords: Analog-to-digital converter; ADC testing; Histogram test; Cumulative histogram; Transition voltages;
Measurement uncertainty; Variance; Phase noise; Frequency errors.
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1 INTRODUCTION

The histogram test [1][2][3] is one of the most established techniques for characterizing analog-to-digital converters
(ADCs). By reconstructing the converter transfer function, it reveals the deterministic properties of the device, from
which the gain, the offset, the transition voltages and the code bin widths are readily obtained.

The converter is driven by a stimulus signal whose amplitude density function is known in advance. A sinusoid is the
usual choice, since it is the waveform that can most easily be generated with low distortion. A large number of samples
is then collected, and the transfer characteristic is recovered by comparing the output codes actually produced with
those that an ideal converter would have delivered.

The characterization results are inevitably degraded by the many non-idealities of the test setup — among them the
amplitude, offset, frequency, additive noise and phase noise of the stimulus signal, together with the frequency and
phase noise of the sampling clock. The additive noise and the aperture uncertainty of the ADC itself, although not
quantified by this test method, further corrupt the outcome.

These error sources fall into two broad categories. Deterministic errors bias the results and, once identified, can be
compensated; random errors, by contrast, introduce an uncertainty that cannot be removed but that should at least be
specified.

Each result can therefore be regarded as a random variable whose distribution may be taken as normal. Once its mean
and variance are known, a confidence interval can be built that brackets the true value of the corresponding ADC
characteristic with a prescribed level of confidence.

The remainder of the paper is devoted to determining the variance of the transition voltages.

Note that the uncertainty of estimation of the ADC parameters, unavoidable in any estimation procedure, will also affect
the results of measurement chains where they are used, whatever the quantity being estimated like magnetic field from
eddy currents in non-destructive testing [17] or velocity in a fluid [18], for example.

2  TRANSITION VOLTAGES DETERMINATION

The transition voltages can be estimated in two ways, either from the histogram or from the cumulative histogram. The
histogram is obtained by counting how many samples fall in each output code, whereas the cumulative histogram
counts, for every code, the samples whose output code is that value or lower. In principle the two routes give the same
estimates, but the histogram requires an iterative computation in which errors accumulate. For this reason the
cumulative histogram is the one traditionally adopted.

The probability distribution of the transition voltages can thus be recovered from that of the number of counts of the
cumulative histogram.

The error sources listed in the previous section are conventionally grouped into three effects:

e  Phase noise, which lumps together the phase noise of the function generator, the phase noise of the clock
generator and the aperture uncertainty of the ADC;

o Input-equivalent noise, which gathers the noise of the stimulus signal generator and the additive noise of the
ADC[4];

e  Random phase difference, which arises because the samples are taken at a fixed rate while the instant at which
acquisition begins bears no relation to the stimulus signal, so that the signal values at the sampling instants
differ from one realization of the test to another. This randomness spreads the sample phases uniformly over
one period, which is precisely what allows the expected output codes to be inferred from the amplitude
distribution of the stimulus signal. Any error in the stimulus or sampling frequencies destroys this uniform
distribution of the sample phases.

3 VARIANCE

The uncertainty in the estimation of the code bin width was first examined by Doernberg et al. in 1984 [5]. Their analysis
considered only input-equivalent noise, and only in the regime where its variance is far larger than the ideal code bin
width; under those assumptions the sampled voltage was taken to be uniformly distributed within each code bin.
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A major step forward was taken by Blair in 1994 [6], who accounted simultaneously for input-equivalent noise and for
the random phase difference between the stimulus signal and the sampling clock. He derived uncertainty expressions
for both the code bin width and the transition voltages, and these were subsequently incorporated into the de facto
standard for ADC testing [7][8]-

Phase noise, which Blair had not considered, was later addressed by Chiorboli et al. in 1999 [9], who extended Blair's
expressions so as to include it.

In all of these works the three effects were treated one at a time and their individual contributions simply added
together.

A unified treatment was proposed in [10], in which the three effects are studied jointly, giving a sharper picture of how
each one contributes to the uncertainty of the transition voltages. It was shown there that the probability density
function of the number of counts of the cumulative histogram is fixed by the number of acquired samples (M) together
with the probability that a given sample belongs to a class of the cumulative histogram (p). The mean was found to be

M
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while the variance was given by
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This probability depends in turn on the normalized standard deviation of the input-equivalent noise (g,,), defined as the
standard deviation of that noise (o) divided by the stimulus signal amplitude (4); on the standard deviation of the phase
noise (0y); and on the normalized transition voltage (U[k]) and the sample phase (y):
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The variance was split into two contributions, referred to as the “mean of the conditional variance” (u,2 | ) and the
Ckle

“variance of the conditional mean” (Uuzck|<p)'

3.1 Mean of the conditional variance

The way 2 | depends on the standard deviations of the phase noise and of the input-equivalent noise, established in
Cklo

[10], is shown in Fig. 1.

As equation (3) makes clear, this term is directly proportional to the number of samples (M). For small standard

deviations it grows linearly with them and, when only one of the two noise sources is present, the rate of growth is the
same in either case.
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The same rate was reported in [6] for input-equivalent noise acting alone (T)' Atlarge standard deviations, however,
M . . . o
Hoz | saturates towards S 2 behaviour that [6] overlooked for the cumulative histogram, and hence for the transition
Cklo

voltages, where the dependence on the standard deviation was assumed to remain linear throughout. The same
simplification was made in [9] for phase noise alone.
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Figure 1: The term u > ' normalized to the number of acquired samples (M), for a transition voltage equal to
(.‘k [
the stimulus signal offset (U[k+1]=0), plotted against the standard deviation of the phase noise (g,) and the
standard deviation of the input-equivalent noise normalized to the stimulus signal amplitude (o,,).

3.2 Variance of the conditional mean

The dependence of aﬁtkl(p on the number of samples and on the transition voltage is more intricate than that of y 2 "
Ckle

Fig. 2 displays this term when phase noise is absent; when instead the input-equivalent noise is absent, its dependence
on the standard deviation of the phase noise closely resembles the curve of Fig. 2.
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Figure 2: The term af,cm in the absence of phase noise (04=0) with 5 acquired samples, plotted against the
normalized transition voltage (U[k+1]).

At small noise standard deviations, aﬁCk varies strongly with the transition voltage, and the number of arcs visible in

lo
Fig. 2 equals the number of samples.

Its largest value, %, is reached when phase noise is absent. In the presence of an error in the stimulus or sampling
frequency this value may be exceeded, as reported in [13].

As the noise standard deviation grows, crﬁCk v falls off, tending to zero for large values (Fig. 3).
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Figure 3: The term a,lek v for a transition voltage equal to the stimulus signal offset (U[k+1]=0) with 5 acquired

[
samples, plotted against the standard deviation of the phase noise (0,) and the standard deviation of the

input-equivalent noise normalized to the stimulus signal amplitude (7,,).

For small standard deviations it decreases linearly, at the same rate as y 2 "
Ckle

In [6] the random phase difference between the sampling clock and the stimulus signal was handled independently of
the input-equivalent noise, which amounts to assuming its contribution to be the same at every value of the standard
deviation.

3.3 Variance of the number of counts

Adding the two terms o2, and Uicklw yields the variance of the number of counts, which is plotted in Fig. 4.
k

a, (ril) o 5

Figure 4: The term a?k for a transition voltage equal to the stimulus signal offset (U[k+1]=0) with 5 acquired

samples, plotted against the standard deviation of the phase noise (g,) and the standard deviation of the
input-equivalent noise normalized to the stimulus signal amplitude (o ,,).

Atlarge standard deviations this variance tends to " justas 2 | does, whereas at small standard deviations it flattens
Ckle

out at the constant value .

3.4 Variance of the transition voltages

An asymptotically approximate expression for the variance of the transition voltages was put forward in [10]: 67 ~
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O (7)

The maximum relative error incurred by equation (7) stays below 17%. It should be stressed that this figure refers to
the error interval of the transition voltages obtained with the histogram method, not to the transition voltages
themselves. No closed-form exact expression exists, although more accurate — and correspondingly more involved —
ones could be derived.

For comparison, the expression given in [6] is reproduced below in the notation of the present paper:

=) Grir i+l ®

This form is less accurate than the one proposed here: its variance diverges as the standard deviation grows without
bound, instead of levelling off at %. That saturation is exactly what the minimum function in equation (7) reproduces.

In the conventional histogram test, driven by a full-scale stimulus, the input-equivalent noise is usually far smaller than
the signal amplitude (0, < 1). There is, however, a variant based on small-amplitude stimulus signals [11], [12] in
which the two may become comparable.

The random phase difference between the stimulus signal and the sampling clock is better described by the maximum
function in equation (7) than by adding a separate contribution (the term % in equation (8)), as was done in [6] at the
cost of overestimating the variance.

4 FREQUENCY ERRORS

So that every code has the same chance of being exercised, the samples must span an integer number D of periods of the
input signal. If M denotes the number of samples acquired, the stimulus frequency (f) and the sampling frequency (fs)
have to obey the relation

p=r=u O

This condition alone does not make the sample phases evenly spaced; for that, D and M must in addition be mutually
prime [9], [10].

In practice these frequencies are never met exactly, so the sample phases depart from the intended uniform spacing.
The impact of errors in both frequencies on the variance of the cumulative histogram was analysed in [13].

Fig. 5 shows a three-dimensional plot of 62 for the noise-free case.

The variable « is the length of the phase interval over which the samples belong to a given class of the cumulative
histogram, and it is directly tied to the normalized transition voltage U[k] (the transition voltage divided by the stimulus
signal amplitude). Fig. 5 shows that when p is a rational number whose denominator is 5 (M) and whose numerator is
mutually prime with 5, the peak value of the variance over a reaches a minimum (p: 0.2; 0.4; 0.6 and 0.8). Conversely,
when p belongs to the Farey sequence [14] of order 4 (M-1), the variance shows a local maximum (p: 0.25; 0.33; 0.5;
0.66 and 0.75). The Farey sequence of order P consists of the rational numbers, listed in increasing order, whose
denominator does not exceed P.

When frequency errors are present, it is this value of the variance — the one plotted in Fig. 5 — that should replace the

leading term % in equation (7). That %, which also appears in (7), is simply the maximum of the variance over a when
no frequency error is present.
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Figure 5: o2 for different values of « and p.

Fig. 6 plots the variance of the number of counts against the phase interval length for M=7. In the absence of frequency
error (dashed line) the curve consists, as expected, of seven identical parabolic arcs whose maximum is %. Even when
a frequency error is present, the variance stays at or below % provided that

1

4p
> < oM (10)

as demonstrated in [13]; this situation is shown by the solid line in Fig. 6.
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Figure 6: 62 as a function of a for D=2 and M=7, for p=D/M (dashed line) and p=D/M+1/2M? (solid line).
The curves of Fig. 6 coincide with those of Figure 2 of [15], which confirms the approach followed here.
The work of [10], [16] was also checked against measurements on real ADCs [13], the results of which appear in Fig. 7.

In that experiment, 5 samples were taken with a 100 kHz sampling clock while a triangular stimulus of 30 kHz was
applied. A frequency error is present here because the ratio of stimulus to sampling frequency (p) fails to satisfy (9):

30,000 3 1.5
= 30000 _ 3 (11)
100,000 10

Fig. 7 shows close agreement between the measured values, drawn as vertical bars that convey the uncertainty in the
estimated variances, and the theoretical prediction (solid line).
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Figure 7: Experimental values of the variance of the number of counts of the cumulative histogram (dots) for a
50% frequency error (M=5). The vertical bars mark the 99.9% confidence interval and the solid line is the
theoretical variance.

5 CONCLUSIONS
This paper has reviewed the study of the uncertainty affecting the transition voltages measured with the histogram

method, with particular attention to the authors' contributions on the subject [10], [13], [16].

An asymptotically approximate expression for that uncertainty was obtained which is more accurate than the one
adopted in the de facto standard [7] and later extended in [9]. It yields a better estimate of the uncertainty of the
transition voltages and a tighter sizing of the number of samples required, and hence a shorter test.

No analytical expression for the variance in the presence of frequency errors is yet available; for small errors the value
%4 may be used. Being able to compute the variance of the number of counts for any value of @ nonetheless makes it
possible to quantify the uncertainty whenever, for whatever reason, an ADC has been tested with frequencies that do
not satisfy (9).

The results reported here are currently being considered for inclusion in the IEEE standard for ADC characterization.

Work nevertheless remains to be done, notably the analysis of the uncertainty of the code bin widths and the derivation
of an analytical expression for the variance when frequency errors are present.
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